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This little book consists paxtly of notes on Trigonometry 
which I have given at diflterent times to my pupils, partly 
of bookwork which must be common to all works on the 
subject. 

In all public schools but a few hours a week can be given 
to mathematics by the generality of boys, and of those few 
a very limited number can be assigned to the study of 
Trigonometry, yet the subject is one which should be read 
at school by all boys, and a knowledge of which is absolutely 
necessary for those who try for classical honours at Cam- 
bridge. 

I have endeavoured to keep their requirements in my 
mind, and hope that this little book will be useful to sixth 
form classical boys, and that it may be a starting-point for 
younger boys who have some little taste for mathematics. 
While I trust that the bookwork is sufficiently clear and 
thorough, I have studied conciseness in writing it, and 
have not attempted the impossible task of making a boy 
independent of his master. 

Many of the examples are original, others have been 
taken from recent papers set for the Previous Examination 
at Cambridge, or for entrance examinations for the army. 

A few still more recent papers have been added. 

Charterhouse, December ^ 1881. 
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ERRATA. 



Before using this book, the reader is requested to make the following 
corrections. 

Page 3, line 20, for 6(y> rtad 51». 

PO PQ 

28, line 4 from bottom, /or -j^ = cos B, recid -j^=sinB. 

30, line 12, for B for A, read A for B. 

58, question 1, for log^g ® ^^^ ^^S V2 ®* 

59, line 5 from bottom, for log 70-63700 read log 70-63600. 

62, question 16, far L sin 36o 48' 37" read L sin 38« 48' 37". 

70, question 32, for 230 read 33». 

-. ,. ^ ^ 2800 ,1800 
74, line 7, for read . 

IT V 

lit question 14, for ^ read j . 

82, question 19, for 2 sin ^ - read 2 sin ^ + • 

88, question 17, for log 1*95= 292035, read log 195 = -290035. 



TKIGONOMETEY. 

CHAPTER L 

MEASUBEMENT OF ANGLES. 

1. Trigonometey is the science which relates to the 
measurement of the sides and angles of triangles, and of 
angles generally. Its principal applications are in surveying, 
navigation, and astronomy. 

A quantity or magnitude is said to be measured when 
the number of times it contains a fixed quantity is known. 

Fixed magnitudes, by which other magnitudes of the 
same kind are measured, are called units. 

Thus the unit of length may be the foot, yard, inch, 
or mile. 

We shall denote lengths of lines by letters such as a, 6, 
a?, y, meaning a units of length, or by two capital letters, 
such as AB, 

AB 
Thus we may use the fraction j^ to represent the nu- 
merical fraction whose numerator is the number of units 
of length in AB^ and denominator the number of the same 
units in CD. 

This fraction of course represents the ratio of the line 
AB to the line GB. 

The natural unit of angular measurement is the right 
angle ; this is however inconveniently large, so it is divided 
into 90 equal parts, called degrees, each of these into 60 
others called minutes, and each minute into 60 subdivisions 
called seconds, 

V. 1 



MEASUBEMENTS. 



60® 64' 30" means 60 degrees, 54 minutes, 30 seconds. 
Angles axe denoted by capital letters SiS A, B, or by Greek 
letters such as a, fi, 0, but not by ordinary small letters 
which denote the lengths of lines. 

2. Angles may he of any magnitude. 

We shall always suppose an angle to be formed by the 
revolution of one of its arms from coincidence with the other. 

Thus to form the angle AOB, 
OB must be supposed to have 
revolved from OA to OB. 

Now it is obvious that OB 
i^ay go on revolving until it 
comes into the same position as 
many times as we please, AOB 
may therefore be greater than 
2, 4, or any number of right angles. 

Thus between 2 and 4 o'clock the minute hand of a 
watch has revolved through 8 right angles or 720^ 





D 



Through any point draw the straight lines A OOj BOD 
at right angles to each other. 

Let OP revolve from OA in the direction opposite to 
that of the revolution of watch hands. 

Then it is said to form the angle AOP. 



MEASUREUEKTS. 3 

If AOP < 1 right angle A OP is said to be in the first 

quadrant, 

if AOP > 1 right angle, but < 2 it is said to be in the 

second quadrant, 

if > 2 but < 3 right angles, in the third, 

if > 3 but < 4 right angles, in the fourth. 

OP, the line which by its revolution generates the angle, is 
called the generating line. 

3. It has been proposed to divide a right angle into 
100 equal parts called grades, each grade into 100 minutes, 
each minute into 100 seconds. An angle thus expressed would 
be written 60^^ 54*' 30^\ This system is called the French or 
centesimal system, as opposed to the ordinary or sexagesimal 
system. 

If D be the number of degrees in any angle, Q that of 

D Q . 

grades, ^ = j^ , since each fraction expresses the ratio of 

the angle to a right angle. Thus to reduce degrees, &c. to 
grades express the angle in degrees and decimals of a degree, 
multiply by 10 and divide by 9. 

Ex. Express 50^ 4' 30'' in centesimal measure. 



60 130 



60 4-5 



9 I 510-75 
5675 



61075 

.-. 51* 4' 30" = 56R 75' 0'\ 
For proof reverse the process. 

Express 87' 2' 25'' in degrees &c. 

87" 2' 25"^= 870225' 

'^ Here we multiply by '9 since 

78-32025 each grade is t% of a de- 

60 gree, and we write 13" in 

19215 the answer because 12*9 is 

60 nearer 13 than 12. 



12-9 
Arts. 78M9'13". 
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EXAMPLES ON CHAPTER L 

1. Transform 6(y>, 51^ SCy, 45® 33' 8" to grades, Ac. 

2. Transform ^5f SV 2^\ 174> 81 S\ 5&5T to degrees^ &0. 

8. Through how many degrees do the hands of a watch reyolye between 
4 h. and 6 h. 25 min.? 

4. It is between 4 and 5 p.m. and the hands of a watoh are lOO*' apart^ 
what is the time ? 

6. Express in degrees the angles of the triangle in Eue, ir. 10. 

6. If the unit angle be x degrees, what is the measure of on angle of an 
equilateral triangle? 

7. If the unit angle be x grades, what is the measure of 5 degrees 7 

8. A degree measures x xmits, how many grades measure y units? 

9. If the sum of the angles of a triangle be equal to the unit, what is 
the number of degrees in the unit ? 

10. What must be the unit angle, if the sum of the measures of a degree 
and a grade be 5.7 ? 

11. Find the number of degrees in an angle of a regular pentagon, also 
of a hexagon and a decagon. 

12. If n be the number of sides of a regular polygon, the number of 

w — 2 
degrees in each angle is x 180. 

18. An angle of a regular figure is 170®, how many sides has it ? 

14. The number of sides of one regular polygon is double that of 
another, and the ratio of an angle of the first to one of the second is 5 : 4 ; 
find the number of sides in each. 

15. The number of sides of one regular polygon is i that of another, 
and the difference between the angles is 9*; find the number of sides in 
each. 

16. The number of sides of one regular polygon : number of an- 
other :: z of first : /. of second ; determine the number of sides and the 
angles of each. 

17. The angles of a triangle are in a. p. and the greatest is treble the 
least ; find them. 

18. ABCD is a quadrilateral in a circle : A is 45<>, B 75<>, what are 
C and D ? 

Note. Chapter XVI., Arts. 65-70, on Circular Measure may. be read now, 
if it be thought desirable to do so. 
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CHAPTER II. 

TRIGONOMETRICAL RATIOS. 

4. Let A OB be an acute angle, A its measure in degrees. 
Take any point P in OB, and 
draw PN perpendicular to 0-4, 
thus forming a triangle whose 
shape is fixed if A is fixed. 

The ratios of the sides of this 
triangle are called the ratios of 
the angle Ay and have received 
names which must be commit- 
ted to memory. 

They are six in number, since each side can be compared 
with two others. Let us call PN, the side opposite to 0, the 
perpendicular, OiVthe base, OP the hypotenuse. 

Then 

■7775 = r— ^ is called the sine o{ AOB, and written sin A. 
OP hyp 




ON" base 



cosine cos^. 



OP hyp 

PN perp , . J. A 

ON^'hi^ tangent tan^l. 

ON base . . , . 

cotangent cotil. 

secant sec -4. 



PN perp *' 

OP ^ hyp 

ON base 

OP ^ hyp 

P^'"perp 

1 — cos -4 is called the versed sine and is written vers A, 
1 — sin-4 coversed sine covers -4. 



cosecant cosec-4. 



TRIGONOMETBICAL KATIOa 




5. If an angle be taken from a right angle, the remainder 
is called its complement, if from two right angles, its sup^ 
plement. 

Thus 90® — -4, 180® — -4 are the complement and sup- 
plement of A. 

In the figure OPN is the complement of AOB. 

Now if we form the ratios of 
OPN, by taking in PO, and 
drawing ON perpendicular to 
PN, we get the same triangle as 
before, but the base and perpen- 
dicular are interchanged, the hy- 
potenuse remaining unaltered. 

Hence sin (90® — -4) = ^jp = eos -4, cos (90® — -4) = sin A^ 

tan (90® --4) = cot ^, cot (90®-^) = tan .4, 
sec (90® — ^) = cosec -4, cosec (90® — -4) = sec :4. 

Hence we see, that by adding or taking off the prefix 
CO, the ratios of any angle become those of its comple- 
ment. 

6. Acute angles which have the same ratios are equal. 

For if two angles have their tangents or cotangents equal, 
then we have two right-angled triangles having the sides 
about the right angles proportional, and if any other ratios be 
equal, these triangles have the sides about some other angles 
proportional, .*. in each case the triangles are equiangular. 

7. The trigonometrical ratios remain unchanged so long 
as the angle does so, 

' Let -405 be any 
acute angle, take PfP', 
any points in OB, and 
draw PN, PN' per- 
pendicular to OA. 

Take K any point 
in 0-4, and draw KR 
perpendicular to OB, 




TRIGONOMETBICAL BATIOS. 7 

Then the triangles PON, FON^ KOR are equiangular, 
Bince they are right-angled, and have a common angle at 0, 

Therefore the sides about the equal angles are propor- 
PN P N' KR 
tionals, that is, -.jp " "'oiy " njl* ^^^ similarly for the other 

ratios. 

Hence we see that to every angle a special set of ratios 
belongs, and conversely, given any ratio, such as the sine, 
there is only one acute angle of which it is the sine. 

Again, since OP ■■ ON^ •¥ PN*, if two of these ouan- 
tities bo given wo know the third, and if the ratio or any 
two be given, we know that of the third to either. 

All the ratios of any angle must therefore be capable of 
being found when one is given, and this will be the object 
of Chapter in. 



EXAMPLES ON OIIAFTER II. 

1. ABO ii ft triangle, being a right angle; from CD in drawn 
perpendicular to AB^ write down in an many waye ai you oan the ratioi of 
the angles at A and B. 

2, The lupplement of an angle ii treble the complement : how many 
degreei ore there in the angle 7 

8. The inpplement of the complement of an angle ii 120^ ; what ii the 
anglef 

4. The complement of the lupplemont of an angle ii 18^ { what ii the 
ftnglof 

6, ii the centre of a circle ABD ; TAt TB tangenti tktA,Biit the 
ftngle AOB be A, find the angles of the triangle TAB, 

6. If the triangle TAB in the preceding qocitlon be equilateral, find 
the anglei of the triangle OAB, 

7. ABO if a triangle, right-angled at C, if D be*a point in OB fnch that 
CD I DB :: coi BAO { 1, then BAO i» biiected by AD. 

8. Bhew that the iine and cosine of an angle can never be greater than 
unity, and tlie secant and cosecant never less. 

0. Bhew that if tan A be greater than cot A,A> iSfi, 
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CHAPTER m. 



RELATIONS BETWEEN THE RATIOS. 



8. IsEnAOB be an acute angle, 
whose measure in degrees is A, then 
if we know one of its ratios we can 
find all the others. 

We will find equations connect- 
ing these ratios, shew how to find one 
when another is given, and how to q 
express any one in terms of any 
other. 

Forming the triangle as before^ 

. . PN . .OP 

since sm -4. = ^^^ , and cosec A = 




OP 



PN' 



,\ 8inii.cosec^=:l or cosec -4.= -, — 7 (i). 

sm -4 ^' 

Just in the same way we can prove that 

cos il. sec -4 = 1 (ii), 



and that 



tan^ . cot^ = 1 (iii). 



Hence, having given one of either of these sets we can 
find the other of that set. 



Again, 



tan-4 = 



PN 
PK OP sin A 



ON ON cos^ 

OP 

This relation may be written in either of the forms 

cot A s= -: — J , or tan ii cos ^ » sin A^ 
sm A 



(iv). 



JtELATIOKS BETWEEN TQE BATIOS. 9 

Again, PIP+ON'^OF*. Euclid. 

Divide by each of these quantities in turn, 

/. either ^p^ + TTpi =1 5 ^^^^ i", sin*^! + cos'^ =1 / 

^ ON^ OF" „ . , - , . 

These three equations are not independent, being only 
different ways of expressing the relation FN^ + ON^ = OF*. 

We have now five equations between six quantities and 
can therefore find the values of all the others if one be 
given. 

Observe that 

cos A as /s/l — sin'-4, sin -4 = ^1 — cos*^, 

sec A a= Vl + tan'J[, cosec A^^Jl^ cot* -4. 

We take the positive sign of the root in each case ; the 
meaning of taking the negative sign will be explained here* 
after. 

9. Given any ratio, to find the others. 

(i) First Method. 

Let FON be a right-angled triangle, and suppose FON 
to be the angle, one of whose ratios is given. 

Take that side which denotes the antecedent of the given 
ratio, and divide it into as many equal parts as are shewn by 
the numerator. 

The side which represents the consequent will there- 
fore contain as many such parts as are denoted by the 
denominator. 

Then the relation OF" = OiV^ -»• FN^ gives the thh-d side. 
Hence we can write down any assigned ratio. 
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RELATIONS BETWEHSN THE RATIOS* 



For instance, given 
sin ^ = f , find tan A. 
liPN=Sm, 0P=6m, 
.\ 0N= ^m^ and tan -4 = f . 

If tan -4 = r I and FN be 



divided into a equal parts, 
ON will contain h such parts ; 

/. OP will contain Ja^ + ii 
such parts. 



.". sin il = 



cos -4.= 



a 



b 




3m. 




(ii) Second Method. 

To express all the ratios in terms of one, the sine for 
instance. 

Since sin' A + cos* -4 = 1, cos -4 = Vl — sin* A. 

sin J. sin^ 1 h _ sin' J. 

, cot^ = Trz-^=- ' A — , 



.*. tan A = 



sec 4. = 



cos^ ^1 - sin' A 



tan^ 
1 



sin -4 



cos A ^1 - sin* A 



, cosec 4. = — 



sin -4 ' 



Observe that sin A and cos A are necessarily < 1 since 
OP is the greatest side of the triangle, and that sec A and 
cosec A are > 1 for the same reason. 



Tan A and cot A may be of any magnitude. 



DELATIONS BETWEEN THE EATIOS. 11 

10. Given any ratio, to find the angle. 

(i) Let sin -4 = r or cos ul = t , or let sec -4. = - or 
^' . b b a 

cosec^ = ^,where6>a. 
a 



Take AB b units of length and on it describe a semicircle. 

D 




Take AG a units of length, 
and with centre -4', radius AC, 
describe a circle cutting the 
former circle in D: join AD, 
BD. 

Then ADB is a right angle 
(JEuc, iii. 31) and AD = a ; 

.'. the angle DBA has its sine r and cosecant - , and the 
° ha 

angle DAB has its cosine t > and its secant - • 

b a 

(ii) Let tan J. = 7- or cot -4 = - . 

Draw AB equal to b and BG perpendicular to AB equal 
to a : join CA. 

Then tan a4J5 = ?and cot GAB^-. 

b d 

CAB is .'. the angle required. 



EXAMPLES ON CHAPTER IIL 

1. Given tan ^ = ^ , find all the other ratios. 

2. Given Bin^=}|, find aU the other ratios. 
8. If sec ^ ={^, find sin A and cot A, 

4. If vers A=^, find tan A, 

5. If tan ^ =^ , find vers ii and sin A, 

6. If tan ^ = 3f , find sec A. 

7. Express the other ratios in terms of the cosine and tangent. 
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RELATIONS BETWEEN THE RATIO& 



Prove the following : 

8. ooseo^tan^ooB^sseo^oot^sin^sl. 



9» seoils 



ooseoil 



y/ooseo^A -1 



10. tanif = 



Beoif 



>/l + 0Ot>il' 



11, — = tan* A, 
vcoseo^^l - 1 

12, Bin^A + oos'-4 + ton^A + oot*^ + 1 = sec" il + 00800*21. 
1 1 



13. 



1. 



l+tan«^^l + oota-4 

14. 8in*a: - cos*aj = Bin* x - cos* x, 

15. 8ui^a+ooB*a=l-2Bin'aco8'a« 

16. cos' a + Bin' a = 1 - 8 Bin* a cos* a. 

17. (tan ii + cot ^)* = Bee* ilco8ec*^=Beo'il +00800" if. 

18. (Bin a + cob a) (tan a + cot a) = boo a + cobgc a. 

19. Bin*iiooB*B(l+cot*^)(l+tan*£) = l. 

20. (seo* a— 008* a) (ooBec* a - Bin* a) ^2 + sin* a cos* a. 



CHAPTER IV. 



RATIOS OF CERTAIN ANGLES. 



11. To find the ratios of 45^. 

Take any straight line AS and 
draw BC perpendicular to AB and 
equal to it. 

Join CA ; then each of the angles 
at A and C is half a right angle or 45^ 

Now AC'= AB" + BC^ = 2Aff, 
.-. AG^^^AB. 




IU.TIOS 07 CEBTAIN ANGLES. 
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JB(7 

so tan 45* = -j^ = 1 = cot 45*, cosec 45* = V2 = sec 45*. 

12. To find ihe ratios of 60* and 30*. 

Describe an equilateral triangle 
ABG\ bisect AG mD\ join BD. 
Then obviously BD is perpen- 
dicular to ACf and £2) bisects 
ABC. 

Now since all the angles of a 
triangle are equal to two right 
angles ; 

.-. BAD = 60*, and il5D = 30*. 

AlsoJ5i>» = ^jB»-.^2?» = 3^i)», .-. BD^^SAD. 

A sin60* = ^ = ^«cos30^ cos60* = 45 = 5 = sin30*, 
j1£ 2 ' AB 2 

tan60*=^ = V3 = cot30*, cot60* = ^=4 = tan30*, 

sec 60* = -r^ = 2 = cosec 30*, cosec 60* = ^^ = -70 = sec 30*. 
AB ' BD V3 

13. To find the ratios 0/I8*. 

Construct (by JEuc. rv. 10) the triangle 
ABD, having each of the angles at B and 
D double the angle at A. 

Bisect the angle BAD by AE cutting 
BD at E, Then obviously the angles at 
E are right' angles. 

Take AG equal to BD, then it is 
proved by Euclid that AG^=^AB.BG, 
aaad that AG^BD. 

liet BD = x, AB=:a, .'. ai" = a(a — a?). 



A3 
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EATIOS OF CEBTAIN ANGLES. 



Whence, taking the positive root of 
this equation, 

V5-1 

Now since BAD is ^ the sum of the 
angles of the triangle BAD ; 

.% BAD = SQ\ BAE =1S^, 



/. sin 18* 



X V^ — 1 
2a 4~ 



The other ratios may be found from 
the sine. 

14. To find the ratios of 0* and 90^ 




B 



Let BAG be a right-angled triangle, A a very small 
angle, and therefore B nearly a right angle. 

Then the smaller A is, the smaller is BG in comparison 
with AB, and the more nearly do AB and AG become 
equal. 

Now by sujfficiently diminishing A we can make BG less 
than any nnite magnitude, and therefore AB^ — AG^ may be 
made less than any finite magnitude. 

That is to say, the more we diminish A the more nearly 
BG=^0,AG--AB. 

.: sin 0' = ^= 0, cos 0" = 1, tan 0" = 0, 

cot 0® = 00, secO°=l, cosecO^saob. 
sin 90' = 1, cos 90*^ = 0, tan 90° = oo , cot 90' = 0, 
sec 90' = 00 , cosec 90' = 1. 

These must be jconsidered abbreviated statements for the 
following. 
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When an angle is very small, its sine is very small, and 
by diminishing the angle its sine can be made less than any 
assignable quantity, and so can its tangent. 

So too its cotangent can be made greater than any assign- 
able quantity, and its cosine nearly equal to unity. 

Again, when an angle is very nearly a right angle, its 
tangent is very large, and the more nearly it approaches a 
right angle, the more we increase its tangent and diminish 
its cosine. 

00 is the symbol for infinity, or a number greater than 
.any assignable number. 
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EXAMPLES ON CHAPTER IV, 

COB 600 + COB 30Q ^yg 
Bec60o+cosec60*'~ 4 ' 



2. (coB30o+coB450)(Bec300-tan450)^ ^^;^^^^»^^ . 

3. Bin 60« + cos 60* + tan 60* «= sin 80° + cob SO* + cot 30°. 

4. Bins 600 « ginS 300 = ^ tan 60© cot 300. 

6. (sin 300 + cos 300) (sin 60© - cos 6OO) = sin 300. 

. cos 450 - cos 600 

6» -^-T^o-r-=— Q7^=(coseo460-cot460)i 
sin 450 + sin 300 ^ ' 

7. Bin« 300, gina 450^ ginJ go©, sin* 90© are in A. P. 

8. Af B, C are the angles of an isosceles triangle, and 2 sin ^1 standi, 
find^, B, C. 

9. ilBCisatriangle, Bin(ii-jB)=J, cos (7=0, find -4, B, C. 

10. Find cot I80, tan I80, cosec I80, sec 720. 

11. sin (3A - 6JB) =0, cos 25=^^^^ ; find A and B. 

12. cos A^y/2 cos B, tan B=\/B tan A ; find A and B. 

13. BinA=y/2 sinB, \/S coeA=y/2 cos B ; find A and B, 

14. If sin ^ + cosec A = 2), find a value of A* 

15. 3 tan^ A + cot* ^ = 4 ; find two values of A . 

16. cot A = tan 2 A ; find a value of ^. 
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CHAPTER V. 

USB OF THE SIGNS + AND - TO SHEW DIBEGTION. 

15. Let X'OAX be a straight line, a fixed point in 
it, A a point to the right such that OA = a. 



X' 



B 



B 



Measure AB towards so that AB = 6. Then OB = a — b. 

Now if a > 6, JB lies to the right of 0, but if 6 > a, B 
lies to the left. Therefore if a? = a — 6, JS lies to the right 
or left of 0, as a > or < b, that is as a? is positive or 
negative. 

If then we consider a line drawn in one direction as 
positive, we must consider that drawn in the opposite direc- 
tion negative. Such lines are sometimes said to diflfer iu 
sense. Sometimes the direction in which a line is drawn is 
shewn by the order of the letters; thus AB means a line 
drawn from A to B, but BA one from B to A, and then 
AB+BA = 0. 

Through draw YVY ^ 

perpendicular to OX, and 
take points P, Q, B, 8 ly- 
ing in the four quadrants 
thus formed. 

Draw PM, QN, BL, 8K 

perpendicular to XO. 

Then if we take CM, 
PMas positive, QiV'will also 
be positive, since it is drawn 
in the same direction as 
PM, but BL, SK will be 
negative. 











+ 




L 


X'jy 


"" 









M 



+ 
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Thus if lines perpendicular to OX drawn from points 
above OX are positive, those drawn from points below will 
be negative. 

16. Positive and negative angles. 

Let the angle AOP be formed 
by OP revolving through A degrees 
from OA, and then let it revolve 
back through B degrees to OQ. 
Then AOQ-^ArB degrees. 





Now if u4>B ox A — B be 
positive, OQ toI be above OA, 
but if A<B^oT A'-B he ne- 
gative OQ will be below OA. 

If then we consider jB to be 
zero, we get an angle formed by 
OP revolving in one direction, 
but if we consider J. to be zero, we 
get an angle formed by revolu- 
tion in the opposite direction. 

The signs + or - shew .-. 
the direction in which the gene- 
rating line revolves. 

We consider an angle formed 
by the revolution of OP in the 
direction opposite to that of watch-hands to be positive. 

17. We can now give extended definitions of the trigo- 
nometrical ratios. 

If from any point in one arm of an angle a perpen- 
dicular be drawn to the other arm, or that arm produced, 
thus forming a right-angled triangle, the ratios are those 
of its sides as previously defined, the sides including the right 
angle being positive or negative according to the direction in 
which they are drawn. 

The hypotenuse or generating line is always positive. 

The relations of Chap. ill. between the ratios still sub- 
sist, since they are derived from th6 properties of triangles. 

V. 2 
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18. To form a table of the signs of the ratios in the 
4 quadrants. 




N X XTn 




(1) 



(2) 




(3) 



X' 




(4) 



Let XOP be an angle, formed by OP revolving in the 
positive direction or, as shewn by the dotted lines, in the 
negative direction. 

Draw P^ perpendicular to OX or OX produced. 

Then in the 1st quadrant all the ratios are positive. 

In the 2nd ON is negative, PN and OP positive ; there- 
fore the sine and cosecant are positive, the rest negative. 

In the 3rd ON and PN are both negative, OP positive ; 
therefore the sine, cosine, secant, cosecant are negative, but 
the tangent and cotangent positive. 
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In the 4th ON is positive, PN negative, OP is positive ; 
therefore the sine, tangent, cotangent and cosecant are 
negative. The annexed table shews these signs. 



sin or cosec 


+ 


+ 


— 


— 




cos or sec 


+ 


— 


— 


+ 




tan or cot 


+ 


— 


+ 


— 


• 




1 











CHAPTER VI. 



ANGLES WHOSE RATIOS DIFFER ONLY IN SIGN. 



19. To find the ratios of 180° — A m terms of those 
of A.'. 

With centre 0, radius 
OA, describe a circle. 

Let A 0A\ BOS' he 
two diameters at right 
angles. 

Let the generating 
line OP revolve from the 
position OA through A^, A' 
and let OP" revolve from 
OA' in the opposite di- 
rection through A^; 

.'. ^OF = 180'-^\ 

Draw Piyr p^N' per- 
pendicular to AOA\ 

Then (by Euc. I. 26), the triangles POJff, FON' are equal 
in all respects. But since A'OP' ^AOP, P and F are 
always on the same side of A OA' and on opposite sides of 

2—2 
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AKGLES WHOSE RATIOS DIFFEB ONLY IK SIGN. 




BOff; that is FN' and PN axQ of the same sign, ON, ON of 
opposite signs ; . '. FN' = FN, ON' = - ON, OF = OP. 

.-. sin (180"-^) 
FN' PN_ . . 

and /. cosec (180' — .4) 

= cosec A. 

Cos (180' -J) 
ON' ON . A' 

and 
/. sec (1 80*-^)= - sec j1 . 

Tan (180'-^) 
FN' PN_ . . 

and /. cot (180' - ^) = - cot A. 

20. To find the ratios of 180° + A in terms of those of A. 

Describe the circle as before, but b 

now let OF revolve in the same di- 
rection as OP and through the same 
angle A, 

Therefore POP* is a straight line , 
andulOP' = 180° + A 

Here, as before, the triangles FON\ 
PON are geometrically equal in all p^ 
respects. Now P and P' are on op- 
posite sides of both AOE and BOB' ; 

.'.FN^-PN, ON'^^ON, OF^OP; 
.*. sin(180® + ^) =-^ypr = -TTp =^sin-4 : 

cos(180<> + J)=^!=— ^=-cos^: 
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tan (180 +^) = .^^ = __.= _ 



= tanJ.. 



The cosecant, secant, and cotangent have, of course, the 
same sign as their reciprocals. 



21. To find the ratios of --A in terms of those of A. 

Describe the circle as before. 

Let the two generating lines 
OP, OP' revolve from OA through 
the same angle A in opposite di- 
rections, then A OP' = — A 

Join PF cutting OA or OA 
produced in N. 

Then, since OP = OP',the angles 
at N are right angles, PP' is bi- 
sected at If and the triangles POIf, 
P' ON tire geometrically equal in all respects ; and since P\P 
are on opposite sides of AA\ P'i\^= - PN, OP' = OP. 




P'N 

.\ sin (- A) = ^p7 = 



PN 
OF 

cosec (— -4) = — cosec A : 



= — sin-4; 



... ON ON , / A\' A 

cos (— A) = tyd^ = 7\p = cos -d ; sec (— A) = sec -4 : 



OP' 
FN 



PN 



tan(— -4)=^^y^= — ^y^= — tan -4; cot (—-4) =— cot J.. 

In all these proofs P may be anywhere on the circle; 
therefore AOP may be of any value. 

We have seen that no two acute angles can have the 
same ratios, and exactly the same proof shews that no two 
angles in the same quadrant can have the same ratios. 

Therefore the angles 180° --4, 180° + ^, -A, and angles 
formed by adding or subtracting multiples of 360*^ to these, 
are the only angles whose ratios are numerically equal. 
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ANGLES WHOSE RATIOS DIFFER ONLY IN SIGN. 




22. To find the ratios of 90^ -h A in terms of ihose of A. 

Let AOP = A and 
draw OQ perpendicular 
to OP. 

Describe the circle as 
before. 

Draw PN, Q3f per- 
pendicular to AA\ 

Then^OQ = 90° + A 

Now MQO^QOB= 
PON', and the angles at 
^, M, are right angles, also 
OP^OQ. 

.-. the triangles QOM, 
OPN are geometrically 
equal in all respects. 

Therefore PN = OM, 0N=- QM, geometrically. 

Now as P is above or below AA\ Q is to the left or right 
of BB ; therefore PN is positive if OM is negative, and nega- 
tive if Oif is positive : so, if P is to the right of BB\ Q is 
above AA* \ therefore Qif and ON aie of the same sign. 

.*. tjq'^qp* ^^ sin(90'* + il) = cos-4; 

OM PN ,.^, ., . . 

YJq ^"-Qpf or cos (90°— -4) = — sinil. 

23. We may find the ratios of 90° - A, 270° ± ^ in 
the same way. 

If OP make a complete revolution after describing A, 
it comes into the same position as before ; therefore we do 
not alter the ratios of any angle by either adding or sub- 
tracting any multiple of 360°. 

If then we know the ratios of all acute angles, we can 
find those of all angles positive or negative. It is enough if 
we know the ratios of angles up to 45°, as then we know 
those of their complements, which are between 45° and 90°. 
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Ex. Find sin 120o, cos 240o, tan480^ oot (- 6OO<0> sec (~ 1BB5% ooseo 41220. 
Bin 1200=Bin(1800-60«)=Bin600=^. 

cos 2400=cos (1800 + 600)= -cos 600h -i. 

tan 480o=tan(8600+1200) = tanl20o=tan (1800-600)= -tan 600= -V3. 
cot(-6000)= -cot 6000= -oot (8600 + 2400)= ^©ot 2400 

= - oot (1800 + 600)= -oot 600= » ^ . 

sec ( - 73350) = sec 73350 = ge© (360 x 20 + 1850) = sec 1850 

= sec (1800 ^ 450) =, _ gee 450 = - V2. 

coseo 41220 =»coBec (3500 x H + 1620) =co8eo 1620 

4 
= cosec (1800- 180) = oosec 180= -rv— ^=^5+1. 

V o — 1 



EXAMPLES ON CHAPTER VI. 

1. Shew that cos (900-^)= sin ^, cot(900-.i)=taii^,forallYaIne8of J. 

2. Find the ratios of 2700 + A and 2700 - ^ in tarms of those of A* 

3. Find aU the ratios of 1350, 1500, 240o, SOO*. 

4. Fmd the sines of - 240o, 405©, - 450, 7500, sioo, 4006©. 

5. Find the cosines of olOO, - 8OO, 35400, 2250, dl50, and the tangents of 
1200, 2250, - 6850, 7500, 73200. 

6. Find sin 480o, cos 40800, tan 84000, cot - 7260^, sec 73950, cosec 14850, 
vers 15000. 

7. Reduce sin 7321©, cos - 8146o, tan 73890, cot 3760^ sec - 8325o, 
cosec 17320, vers I8I80, to ratios of angles less than 45o. 

8. If sin B =sin ^ , cos B=oob A, then A- Bis either or a multiple of 
8600. 

9. If coBB=ooBAf tanJ?=-tan^, then ^+B=0 or a multiple of 
3600. 

10. If BmA = aiaBt oosA = ^oobB, then ^ + B is an odd multiple of 
1800. 

11. If n be integral tan (nl800 +^)=tan^o. 

12. Find the ratios of ^ - 900 and ^ - I8O0. 

13. vers (I8O0 - ^) + vers (3600 - ^ ) = 2. 

14. cosM + cos2(90o+^) + cos«(180o+^)+cos9(2700+il) = 2. 

15. oot ( - a) cosec ( - a) (1 - cos' a) =cos (-a). 
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CHAPTER VII. 

CHANGES OP RATIOS AS THE ANGLE CHANGES. 
N.B. This Chapter may be omitted the first time the book is read. 

24. To trace the change in sign and value of sin A as A 
changes from 0° to 360^ 

Describe a circle with 
OA as radius, as centre, 
and draw two diameters 
AOA\ BOB' at right 
angles. 

Let the generating 
line OP revolve from OA ^ 
through 360'; draw FN 
perpendicular to OA. 

Let OA = r; then OP 
is always positive and is 
always equal to r. 

Now, 

i. as OP revolves from OA to OB, 
the angle AOP changes from to 90**; 

/. PN changes from to OB or r and is positive; 

PN OB 

sin -4 or jjp changes from to jy^ or from to 1 

and is positive. 

ii. As OP revolves from OB to 0A\ 

the angle AOP changes from 90' to 180'; 

PIT changes from OB to and ia positive; 

PN 
sin A or -jyp changes from 1 to and is positive. 
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iii. As OP revolves from OA' to 0B\ 

the angle AOP changes from 180® to 270**; 
P^ changes from to OB or — r, and is negative; 

PN 

sin A or jrp changes from to — 1 and is negative. 

iv. As OP revolves from OB' to 0-4, 

the angle AOP changes from 270® to 360®; 
PN changes from OB or — r to 0, and is negative ; 

PN 

sin -4. or jyp changes from — 1 to 0, and is negative. 

The annexed diagram shews these changes. 



90' 



180» ?70» 360* 




-1 

The carved line shews the yariation in these values, the perpendicular 
distance of a point on it from the horizontal line through representing the 
value of the sine for the corresponding angle, 

25. To trace the cha/nges in ihe cosine. 

With the same figure, 

as A changes from to 90®, 

ON r to and is positive; 

ON 

jrp 1 to and is positive. 



.*. cos A or 



As A changes from 90® to 180®, 

O-W changes from to OA' or — r and is negative; 

ON 
.\ cos A OT jrp to —1 and is negative. 
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As A changes from 
180' to 270^ 

ON changes from — r to 
and is negative ; 

/. cos A changes from — 1 
to and is negative. 

As A changes from ^ 
270* to 360^ 

ON changes from to r 
and is positive; 

/. cos A changes from 
to 1 and is positive. 

The annexed diagram shews these changes. 




o* 



90* 



ifiO' 



270*^ 360» 



I 



26. To trace the changes in the tangent. 

With the same figure, in the first quadrant, from 0® to GO', 

PN changes from to r, and ON from r to ; 

PN 
\ tan A or jj^ changes from to oo and is positive. 

In the second quadrant, from 90* to 180°, 

PN changes from r to and ON from to — r ; 

PN 

\ tan A or y^ changes from — oo to and is negative. 
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In the third quadrant, from 180' to 270', 

FN" changes from to — r and ON' from — r to 0, 

both negative ; 

FN 
/. tan A or jji^ changes from to oo and is positive. 

In the fourth quadrant, from 270' to 360', 

FN changes from — r to 0, ON from to r ; 

FN 
,\ tan A or jr-^ changes from — oo to and is negative. 

The annexed diagram shews these changes. 



270^ 360^ 




The other ratios may be traced in the same way, or 
treated as reciprocals. 

All .the ratios change sign in passing through or oo , 

The first occurs when the numerator passes from a small 
positive to a small negative value, the second when the de- 
nominator 'does the same. 

Examples on this chapter will be found among the miscellaneous ques- 
tions at the end of the book. 
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CHAPTER VIIL 

RATIOS OF COMPOUND ANGLES. 

27. To find the sine and cosine of A + B in terms of 
those of A and B. 

Let BAC=-A, CAD^B; 
.-. BAD = A + B, 

It is required to find the 
sine and cosine of A + B. 

^ (The sine o{ A+B is 
written sin {A+B), which, 
it must be observed, is not 
the same as sin A + sin B.) 

Take any point P in AD, 
and draw PM, FQ perpendicular to AB, .4(7respectivelj^ 

Draw QN, QR perpendicular to AB, Pif respectively. 

Then, since PMA, PQA are right angles a circle will go 
round APQM; 

:. QPM=^QAM^A. Euc. iii. 21. 

Now 

. ,, . j.^^PM^ QN+PR ^QN AQ PR PQ 
8m(,^+2j;-^p- ^P "AQ'AP^PQ'AP' 

-But -77^ = sm A, -™ = cos B, 
AQ AP 

-pTT = cos QPR = cos -4, -T-p = cos P; 

.*. sin (.4 + P) = sin -4 cos P + cos -4 sin P 

Q /.^pv AM AN^QR AN AQ QR PQ 

So cos(^ + P) = 2^ = -^j^=3^.3-^-p^.2p 

= cos ^ COS P — sin A sin P. 
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28. To find sin (A — B) and cos (A — B). 

.-. BAD=^A'-B. 

Take any point P in AD^ 
and draw PM, PQ perpen- 
dicular to AB, AG respec- 
tively. 

Draw Q^ perpendicular 
to AB, and QR perpendicu- 
lar to MP produced. 

Then, as before, a circle goes round AMPQ ; 

.-. QAM + QPM = two right angles ; Euc. in. 22. 

.-. QAN + QPM = BPQ -{■ QHf ; 

.'. RPQ==A. 

M '/Am ^^ QN--PR QN- AQ PR PQ 
Nowsin(^-5) = -3-p = -^^=J^.3p-^.^j,. 




But -j-Q = sin A, 



2^ = cos£, 



PR 



= cos QPR = cos A, 



PQ 



== sin B. 



•. sin (-4 — 5) = sin -4 cos 5 — cos -4 sin B. 

= COS A cos 5+ sin A sin 5. 

Notice that the sign in the expression of the sine is 
the same as that in the angle expanded, in the coaine the 
opposite. 

29. These formulae can be proved for all values of A 
and B, It will be sufficient for the present to assume 
this and to shew how any one can be deduced from any 
other. 
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For instance, given sm{A + B), find coa(A — B). 

cos (A-B) = sin (90" -^ + 5) = sin (90"-^ + B) 

= sin (90" - A) cos B + cos (90' - A) sin B 

= cos A cos B + sinA sin B. 
30. Tan(^ + 5)=?i^4x§ 

^ ^ COS (-d. + ij) 

__ sin A cos JB + cos J. sin B 
"" cos J. cos jB — sin -4 sin B ' 

Divide both numerator and denominator by cos -4 cos -B ; 

/ A TIN tan A + tan B 
.Man(^+^)^ ^_^^^^ . 

Sotan(^-£) = ?^^j^§ 
"^ ' cos{A''B) 

sin J. cos JB — cos-4 sin£ tan A — tan jB 



cos A cos jB + sin^d sin -S 1 + tan A tan J3 ' 

31. In the formulae for sin {A + £), cos (-4 + B), 
tan(-4 + -B) write 5 for -4; 

.'. sin 2A = 2 sin A cos A, 

cos 24 = cos' A — sin* -4, 

2 tan^i 



tan 2-4 = 



1 -tanM' 



We may write 1 — sin' A for cos' -4 or 1 — cos' A for 
sin' -4 : thus we obtain 

cos 2-4 = 1 - 2 sin'^ = 2 cos'^ - 1. 

The above are very important, the following less so. 

sin 3-4 = sin (24 + ^) = sin 2-4 cos A + cos 2 A sin A 

= 2 sin -4 cos' A +{1 — 2 sin' -4) sin A 

= 2 sin -4 (1 - sin'^) + (1 ~ 2 sin' -4) sin A 
= 3 sin ^ — 4 sin' A. 
So cos 3-4 = 4 cos' -4 - 3 cos 4. 
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EXAMPLES ON CHAPTER VIII. 

1. Find the sine, cosine, and tangent of 15o, 75°, 106°, 165^ 

2. Find the sine, cosine, and tangent of 36^ and 54^ 

ox a J 3tan4-tan3^ 

3. tan 3-4 = —^ — 5-7 — s-j— . 

1-3 tan' -4 

4. 8in4il=4suii(coSiicos2ii. 

5. sin 8ii =8 sin ^ cos A cos 2A cos 4J., 

6. If tanil = | andicoaB=^, ^d COB {A "3)9^6. Bin {A •^B)t A and B 
being acute angles. 

7. If sinii=| and cosB=|f , find sin (4+5) and tan {A-B) (i) when 
A is acute, (ii) when A is obtuse. 

8. If tan ^ -= f and tan B =i , then the least value o{A + 2B is 45<'. 

9. If tan.i=-— andtanJ5 = -rrp, then sin (.i+B) = sin GO® cos 36®. 

10. If tan 4= J and tan 5=^^, then 4A-B=45^. 

11. sin (A + B) sin (A-B) = sin' ^ - sin^ 5 = cob^B - cosM. 

12. cos (A+B) cos {A -.-B)=cos2^ -Bin«-B=coB»B - sin" ii. 

13. cosl4=»8cos*-4-8cos'i4 + l. 

-. cot^ - 

14. ^ - , »l + sec2il. 
cot 2 A 

15. tanil=co8ec2il-cot2il. 
IG. cotil=:cosec2ii + cot2il. 

, _ sin il + cos il ^ - ^ ^ ^ 

17. 3 ; — ; = tan 2il + sec 2 A, 

cos A-smA 

18. 8in(^ + ^+(7)=sinilcosBcosC+ sinBcosCcoSil 

+ sin CcoSil cos£ - sin ii sin B sin C. 

19. cos {A + B+ C)=cobA cos jB cos C - cos ii sin J5 sin C7 

- cosB sin C sin ii - cos C sin 4 sin £• 

20. -?^^i-J^^i-Q^ == tan ii + tan B+ tan C- tan ii tan J5taiL.C7. 
cosii cos jScos C W 

21. J^sM+B + C) ^^^^ ^ ^^^ B cot C - cot ii - cot J5 - cot C. 
sin ii sin B sin C 

22. vers (180« - 2ii) = 2 vers (900 +A) vers (90° - A), 

rto , X secarsecw 

23. Bec(fl!;±y) = .; — 7 t^—. 

^ ^' l±tana:tany 

24. tanJdbtanB=8in(.i :tB} seCiisecB. 
25 ^-^singg _ l-tang 

l + sin2d ~"l+tan^ * 

26. tan(450+ii) = i±^^=cot{45«-^). 
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1 — fan A * 

27. tan(460-^) = i-j^^=cot(45<>+4). 

28. tan (45® + ii) - tan (45® - il) = 2 tan 2^. 

x«^ cot«^-l 

29. cot2ii: 



30. cot3il = 



2cot^ 
cot'-4-3oot^ 
3cot*^-l 
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TRANSFORMATIONS. INVERSE RATIOS. 

82. Since sin (A + B)=&in.A cos jB + cos -4 sin B, 
and sin (-4 — 5) = sin 4. cos jB — cos A sin jB; 

.-. sin {A+B)+ sin (4. - 5) = 2 sin A cos -B, 
sin (A + B) — sin (-4 — 5) = 2 cos 4. sin 5. 

Just in the same way, by addition and subtraction, 
cos (A+B) + cos (A — B) =2 cos A cos B, 
cos (4. — 5) — cos {A +B) = 2 sin -4 sin B, 

In these forms write C tor A+B, D for A —B, and 



— ^ — for -4, — ;t— for 5. 



They become 



sm (7 + sm Z/ = 2 sm — t: — cos — ^ — 

2 2 



sm G — sm Z/ = 2 cos — ^ — sm 
COS OH- COS i^ = 2 cos — 5 — cos 
COS 2/— COS C/ = 2 sm — -=i — sm 



2 

2 
(7-i) 



The order of letters and signs in the fourth expression of 
each set should be noticed. These forms may be expressed 
verbally, and should be committed to memory. Thus: Twice 
the product of the sine of a greater angle and the cosine of a 
lesser is equal to the sum of the sines of the sum and difference. 
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Conversely : the sum of two sines is equal to twice the 
product of the sine of the semi-sum by the cosine of the semi- 
diflference. 

So for the others. 

< 

sin ^ + cos -4 = sin -4 + sin (90^ — A) 

= 2 sm 5 cos s = V 2 cos (4»r - A). 

So cos ^ - sin J. = V2 cos (45' + A) = ^2 sin (45^^ - ^). 

33. No definite rules can be given for the use of these 
forms : in any transformation it is generally best to take one 
side, the more complicated one for choice, and try to reduce it. 

Tangents and cotangents should generally be reduced to 
sines and cosines. 

Generally, if it is required to prove that two expressions 
are equal, it is best to take one and work towards the other, 
not to alter both at once. 

We give some examples. 

1. 8in 4-4 + sin 2^ = 2 sm — ^ — cos — ^ — -=2 sin SA cos A. 

t\ i tf i e% • ^A + oA . oA — OA ck ' A 1 • M 

u. COS 3^ - COS 5^ = 2 sm — - — sm — » — =2sm4^sm^. , 

Ja Ja 

iii. 4 cos ii COS 5 cos C=2 cos A {cos (JB + 0) + cos ( JB - 0) } 

= 2cos -4 cos (Bf C) + 2 cos A cos (B-C) 
=co8(^+B + C) + cos(5 + C-il)+cos(.4 + C-B) + cos(^ + B-C). 

iv. sin(il+B-C) + sin(^+(7-B) + 8in(B+C-il)-8in(^ + 5 + C) 
„ . A+B'C+A^-C-B A + B-C-A-C + B 

= 2 sm 5 COB jr 

B + C-A-{-A-k-B + C . B + C-A-A-B-C 
+ 2 cos 5 s"i o 

= 2 sin il cos (B - C?) + 2 COS (B + C) sin ( - ^ ) 

= 2 sin il {c<5s (B - C) - cos (B + C7) } = 4 sin il sin B sin C. 

1. J A T> oosA cos B sin B cos -4 - sin ^ cos B sin (B - A) 

V. cot -4 -cot B = ^ — 7--:—^ = : — J » T> 7-= . \ . J ,' 

am A smB sm^smB ' sm^lsmB 

v. 3 
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VL 



cosa + cos/34-oo87+cos(a+/3+7) 

=2 COB —~ cos —^ + 2 cos — ^ — cos ——■ 

o4-j8 / a^-fl a + j8 + 2'v\ 
=2 cos —^ \ cos —^ + cos — ^ — - \ 

=4 cos —~ cos — - — 7 cos — - — 7 

2 4 4 

. a + jS 7 + a j8 + 7 
=4 cos -5-^ cos - - cos^-^-i . 

A iS « 



34. Inverse functions. 

Suppose sin a=x, then a is the angle whose sine is x, 
and is written sin~^ x. 

So tan"^ X means the angle whose tangent is x. 
Such expressions are called inverse functions. 

Given sin a = x to find tan a. 

Form the right-angled tri- 
angle ABC, such that BG = x, 
u4B = 1 ; .-. sin BAG^x. Then 

BAG ^ a, AG ^^T^^, 

X 

.-. tan a = —. , 



or 



a = tan 



-1 



X 




(fT^nc^ 



Vi-a;' 



To find tan'^ x + tan'^ y. 

Let tan"^ a? = a, tan"* tf^fi, .*. tan"* a? + tan"* y = a + A 

XT /A .^ «/xv ^ / r»N tana + tanfl a?4-v 
Now, (Art. 30). tan (« + ^) = y^te^^ = j-J ; 

.'. tan"* a? + tan"* y = tan"* — 



xy 



Similariy, tan"* x — tan"* y = tan 
Notice that tan"* 1 is 45°. 



-1 a?- 




-\-xy 
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EXAMPLES ON CHAPTER IX, 

Prove the following identities : 

1. 2sin7iicos8^=Binl0il + 8in4i. 

2. 2sin3^ cos5^ = 8in8il~8in2il. 

3. cos 5A 008 6il = i (oos 11^ + cos A). 

4. sin 5A sin 6^ = i (cos A - cos 11^1). 

5. Bin3il + sinii=2Bin2^coSii. 

6. 8in3il-Binii=2co8 2ilsin^. 

7. cos5il+co8il~2cos3^coB2^. 

8. coSii-co8 5il=2 8ind^sin2il. 

- cosa+0O8j8 x«+/5 lP—^ 

9. ^=cot -^ cot tV- • 

COS a- cos j3 2 2 

10. - °"^y =cot^^. 

cosy — COB X 2 



11. 

12. 
18. 



C08^ + COS39 1 

COS 39+ COB 50 "" 2 COS 29- sec 2$ ' 

Bin39+sin9 sec 29 
sin 59+ sin 39 ~ 2 * 

cos SA + cos 5 A __ cos44 
COS 5A + cos 7 A "" cos 6A ' 



,. cos^ + cosB . sin^ + sinB . 
sin ^— Bin B cos^-cosf 

15. Bin^ + 2sin3^ + sin5il=s4sin3il cos'il. 

Aa-B 

16. sin-4 + sinB=tan— g— (cos-4+cosB). 

17. tan 70^ + tan 20® = 2 sec 50o. 

18. cot ii + cot £ = sin (il + £) cosec A cosec B. 

sec -4- sec B . A+B, .^ ^ ^ 

19. -. ^+tKa—;r-iBJiAtaxiB=0. 

cosec^ -cosec B 2 

20. sin a + sin 3a + sin 5a + sin 7a3s4 sin 4a cos 2a cos a. 

21. cos a - cos 2a + cos 3a- cos 4a =4 sin -^r- sin ^ cos a. 

22. Bin(600+^) = sin{600-il) + V3coB^. 

23. cot ^ - cot 8^ = sin 2A cosec ^ cosec 3^1 . 

24. cos (A+B) sin (A^B) +cos (B + C) sin (B - C) 

+ oos{C+D)Bm{C-D)+Qoa{D + A)sm(D-A) = 0. 

25. Binn9=2 8inn -19 cos9-sin7i-2 9. 

3—2 
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26. Bm^{A+B)=Bi7i^A + an*B + 2BixiABinB<iOs{A+B). 

27. coB« (^-B)=cos»^ + sin's + 2co8ii sin 5 sin (^ - 5). 

28. tan ^ tan (600 + e) tan (W - ^) = tan 3^. 

29. If - cos ^ + ? sin ^=1 = - cos + ? sin 0, then 

a a ^ b 

cos -^ sin -^ 

cos -^ COS -^ 

30. sin-i a; + cos-i x = 90*. 

31. 2tan-ia;=tan-ir-^^. 

32. tan-ii + tan-H=46«. 

33. 2tan-il+tan-if=460=tan-i4+tan-i^x- 

34. 2sin-iJ=sin-ift=cos-i^. 

35. sin-i $} = cos-i -^ =« tan-^ V • 

36. cot-H=icot~^A« 

[In Questions 30 — 36 the angles are supposed to be acute.] 



CHAPTER X. 

RATIOS OF THE HALVES OF ANGLES, 

A 

35. To find the ratios of -^ in terms of cos A. 

By Art. 31, cog 24 = 2 cosM - 1 = 1 - 2 sin' 4. 

A . 
In these forms write -^ instead of A ; 

A A 

.'. cos-4 = 2 cos' — — 1 = 1 — 2sin*-^ . 

T-r ^A 1 + COS J. . a 4 1 — cos 4 

Hence cos' g- = ^ ' ®^ 2"" 2 ' 

A . //I + cos A\ .A . //I - cos A\ 
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If we know the value of A\ we know the quadrant in 

A . 
which jr lies, and hence the signs of its ratios: there is there- 

fore no ambiguity. 

If, however, all we know about the angle is that it has a 
certain cosine, then if A be the acute or obtuse angle which 
has that cosine, the angle maybe A or 360° — A or any angle 
which diflfers from either of these by some multiple of 360^ 

AAA 
Hence the half angle may be -^ or 180° ± ^ or 360° - ~ , 

^ ^ ^ 

or any angle differing from one of these by a multiple of 180^. 

Now we have seen that the ratios of angles differing by 
multiples of 180° differ only in sign: hence the ambiguity of 
sign is explained. 

sin«- 
^A 2 1— cos ^ _ 1 — cos'J. _ sin" J. 

2 "■ , ^ " 1 + cos ^ " (1 + cos Ay " (1 + cos Ay ' 
cos 2" 

^ -4 sin^ 
.'. tan^ = 



2 1 + cos ^ • 

There is no ambiguity of sign here, for 1 + cos -4 is posi- 

A. 
tive, and sin A is of the same sign as tan -^ , since they are 

both positive if -4 < 180^ and sin A changes sign at every 

multiple of 180^ tan -^ at every multiple of 90*. 

Since sin' -4 = 1 — cos* -4, 

sin^l _ 1— cos^ -4 _ 1 — cos -4 

1 4- cos -4 " sin -4 ' " 2 "" sin A 

A A 

36. Given sin A to find $in -^ and cos ^ . 

Since sin* -^ + cos* o" = 1> and 2 sin — cos ^ =« sin -4 : 
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.'. (cos-^ + sm— 1 =l+smil; 

Icos-^ — sm-^-j =1— sm-4.: 

A A . 

.-. cos -g + sin -g = ± Vl + sin J. 

^ ^ 

cos-^ — siJi^ = ± Vl — sin A 



(A); 



or, by addition and subtraction, 



(B). 



2 cos -^ = ± Vl + sin -4 ± Vl — sin ^ 

^ ^ 

2 sin -^ = ± VI + sin -4 + Vl ~ sin A 



37. In using these forms we must begin with (A) not 
(B), for since there are four ambiguities in (B) and only two 
easily determined ones in (A), the latter are preferable. 

If we know the angle we can always tell the sign of its 
ratios and whether the sine or cosine is the greater ; hence 
we can fix the sign in (A) for any special case. 

It is better to use the forms of Art. 35 than those of Art. 
36, since the ambiguities are more easily determined. 

We will, by way of example, find the sines and cosines of 
105' and 165° by both methods. 

(i) Since these angles are each > 90^ < 180^, their sines are positive, 
and cosines negative. 

Hence 
since COS 2100 =- COS 30<> =- ^ , 
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^A^A /I + COB 2100 ^3-1 
So cos 1050= - ^ = -^2^ , 

//I - A 
. .«r« /1-.COS3300 /[ 2 1 V3-1 

,_ / I + COS 3300 ^3 + 1 



cos 1650; 



2^2 • 



(ii) Since 105® > 450 < 1360, its ^ne ^ eosm^ numerically ; .*. both 
sin 1050+ COS 1050 and sin IO50 - 00s IO50 are positive. 

.-. sin 1060 + cos IO6O = + ^H-sin2100=-A ; 

sin 1050 - COS 1050= +^1- sin 2100= -^ ; 
.•. , as before, sin 105o= ^ , 

Again, since 165o > 135® < 225o, its cosine is numerically greater than 
its sine and negative (as may be seen by drawing a figure). 

.-. cos 1650 + sin 1650= - Vl + sin3800= -^i » 
COS 1650 -sin 1650= ^Jl-8in3300= - ^, . 

COS 1660= _ ^ J as before. 

38. The reason why we obtain four values for the sine 

A 
and cosine of -^ may be explained geometrically thus. 

Suppose that we know the sine of an angle and that it is 
positive. 

Make the acute angle A OB having the given sine : pro- 
duce AO to A* and make A'OB ^AOB, (See figure on 
p. 40.) 

Then AOS has the same sine as -40J5, and so has every 
angle which diflfers from either of these angles by any multi- 
ple of 360^ 
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.-. A may be AOB, AOB or any angle which difFei-s from 
either by a multiple of 360^ 




Bisect AOBhj OC and produce CO to C: bisect A OB" 
by OJ) and produce DO to D\ 

Then ^ may be either AOG, AOD, AOC^ AOD' or any 

angle which differs from any of these by a multiple of 360*^. 

-4 0(7, .400^ have ratios differing only in sigUy and so 
have AOL, AOU. 

But the ratios of AOC, AOD differ in magnitude. 
Hence -^ may be one of a set of four angles whose ratios 

differ in magnitude as well as sign. 

A similar construction may be made if sin A be negative. 

EXAMPLES ON CHAPTER X. 

1 . Find the ration of 22^ 80' and of 1120 30'. ' 

2. Find tan 7i<> and cot 9\ 

3. Find forms for determining sin 3<^, sin 6®, sin 2V. 

4. Shew that the sines of all multiples of 3® may be found by means of 
Arts. 32 and 35. 
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Prove that 

6. tan»;^ = :i -. 

2 l + cos^ 

l-tan^^ 

1 + tana^ 

A A 

7. tan^5-tan-4 + 2tan-=tanJ. 

8. From this equation find tan ^ (i) when A = 60o, (ii) A = BO(fi, 

9. tan«{46»+^)=3-^;j^. 

1 + COB^ ^ \ 2^ 

11. 2 COB 110 16' ^ V2 + \/2Tn75. 
In questiaru 12—17 -4 < 3600. 

12. If sin ^ + COS il = + Vi + sin2^, ii < 1360 or > 3160. 

13. If sin ^ + cos ^ = - Vr+Sa2J, A is between 135* and 315*. 

14. If cos A-mA=- Vl - gin 2A , A is between 46* and 225*. 

15. Examine the case when cos ^ - sin ^ = + Vl - sin 2A, 

16. If 2 cos ii = - VlTBm2j+ Vl-Bin2ii, A > 225o and < 315®. 



17. If2smii=Vl-fsin2^+Vl-ain2ii, .i>450and <1S5\ 

A A 

18. Affix the proper signs to the root symbols for sin ^+ cos 77 and 

sin r- cos ^ for the foUowing values of A, 22®, 1220, 222®, 322«, 422®, 6220, 

622®. 

19. Find cos 157)® by 2 methods, shewing that your results agree. 

20. Find tan lOlJo by Art. 35, finding the sine and cosine of 202^0 by 
Art. 36. 



(42 ) 



CHAPTER XL 



TRIANGLES. 




39. A TBIANGLE has six parts or elements, its angles and 
sides. It is said to be solved when all are known. 

Our object is to find equations connecting their values. 

The sides opposite to -4, By C 
respectively are denoted by the 
letters a, 6, c. 

By Euc. i. 4, i. 8, i. 26, a tri- 
angle is determined if either two 
sides and the included angle, all 
the sides, or two angles and one side 
be known. Since then, if three 
quantities be given out of six, the 
others are determined, there must 
be three equations connectingthese 
six quantities. 

One of these equations is -4 + J5+ Css 180*....Eua i. 32. 

40. The sides of a triangle are proportional to the sines 
of the angles opposite to them. 

Let ABC be a triangle and let B be one of the acute 
angles. (See the figures on the page opposite.) 

Draw AD perpendicular to BC or BC produced, 

AD 
Then sin J5 = -7-77, .". AD =s AB sin B = csin B. 

AB 

Also sin C= sin AGD^ whether C be acute or obtuse. 
.'. sin C/= -jy^, that is AD = h sin (7. 



.*. 6sin(7=csinJ5, or-; — 7^"=^- — p#. 

sin B sm U 
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By interchanging the letters A and B, or by drawing the 
perpendicular from C, we can prove that each of these ex- 
pressions is equal to - — -j . 






If (7=90^ D coincides with 0, sin (7= 1, sin J5 = ^= ? 

AB c 

,, a b c 

/. m all cases, -. — ir = - — ^ = — 



sin A sinB sin (7* 
For another proof of this important theorem,' see Art. 46. 

41. With the same figures and construction 

BD = ABcosB = ccosB. 

Now if C be acute, 

CD = AC COS (7=6cos C, and BC = BD + DC, 
or a8=c cos B+ b cos (7. 

If (7 be obtuse, 

GZ> = ^ Ccos il(7i> = - ^(7 cos a= - 6 cos C; 
and jB(7 = 5Z)-D(7or a = cco8£ + 6cos C 

If (7 be a right angle cos (7 = and D coincides with C, 
therefore in all cases a = c cos -B 4- 6 cos (7. 

Just in the same way we may prove that 

6 = c cos J. H- a cos C> c = a cos 5+ 6 cos A. 

These forms are not independent of those in Art. 40, but 
may be proved from them thus ; 

sin -4 =: sin (180' - -4) = sin (J? + (7) « sin J5 cos (7 + cos J5 sin a 

a sin £ ^ asinC „ r n , d 

a = — ; — — cos H- — T — — cos -a = 6 cos C/ 4- c cos B. 



sin^ 



sin^ 
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42. To find the cosines of the angles. 
With the same figures and oonstraction. 

If (7 be acute 

And if C be obtuse 

^5«=:^(7» + SC* + 2J?(7, (7D...EUC. ii 12, 






Jtt D C B C 

Now CD = ± J COS (7, as (7 is acute or obtuse, and vanishes 
if (7 be a right angle. 

/. in all cases c* = a' H- 6* — 2ah cos (7. 



Hence 
Similarly 



cos G = 



2a6 



cos -d. = ^r; , COS B = - 



2hc 



2ca 



43. To find the area of the triangle. 

With the same figures let 8 be the area. 

Then by Euc. I 4:1, 8 = iBG . AD. 

But ^D = ^5sinS = csin5; 

.*. 5= Joe sin £. 

By Art. 40, this expression may be written J 6c sin -4, or ' 
^ ab sin C. 
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44. Since ^ + 5 + (7 = 180°, B+C^ISO'-A, 
.-. sin A = sm{B + C), cos -4 = — cos {B+ C), 

tanil = -tan(5 + C). 

In the same way, since 

. A B + C A . B-hO 

sm 2" = cos — g— , cos -^ = sm — y- , 

^ A .B + G A B+C 

tan ^ = cot — ^ — , cot ^ = tan — ^ — . 

45. It is very inconvenient, for purposes of numerical 
calculation, to use results which consist of the sums and 
differences of squares, like the forms given for the cosines of 
the angles. 

We will therefore obtain forms which involve factors 
only. ' 

Let 25 = a + 6 + c. 

Subtract 2a from both sides, 

,*. 2(s — a) =&4-c — a. 
Similarly, 2 (s — 6) = a 4- c — 6, 2 (s — c) = a + 6 - c. 

Now cos C = TT-T ; 

2ab 

••• 28m^2 = l-cos(7^ ^^ = 2ab 

_ {c-a-¥b) (c + a-b) _ 2{s-a) js-b) 
"" 2ab "" ab 

. ei^g- [ («-"-) c^-^) ]^ 

„..,/. A ((s-h)i8-c)]i . B ((s-c)(s-a)]i 
Similarly, sm^^i^' ^^ >j . sm2 = |^^ '-^ '-\ . 
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Again 
and 80 we may write down the values of cos -5- , c»s— . 



From these 



G 

sin -^z 



•"^-l-{^l^'}^ 



C0S2 



8iD'C=(l + C0gC)(l-00sCr)=:'*'^'-°n*-i)(«-c). 

a 6 ' 

.-. sinC7=^|*(«-a) («-6) («-c)l*: 

• i8f=Ja6sin(7={«(«-a)(«-J)(*-c)l^. 

Since any two sides of a triangle are greater than the 
third side, each factor under the root in any one of these 
expressions is positive, and all the expressions, being ratios of 
acute angles, are so too. 

Hence there is no ambiguity of sign. 



EXAMPLES ON CHAPTER XI. 

JJ?C is a triangle ; prove the following identities. 

, sin-4 + sinB ^C 

1. 7-; =:=cot-, 

cosil+cosB 2 

« sin^-sinB ^ C 

2. — 5 -T- = tan 75- , 

cos£-cos^ 2 

8. tanil+tan^=sinCsec^8ecB. 

4. tanB-cotii=oosC78ecBcoBeo^. 



5. toxiAiasiB = l + 
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cos (7 



COS A cos B * 

6. tanil+tan£+tan(7=tan^tan£tanC. 

^A ^B ^C .A .B .C 

7. cot 2 +cot "2 +cot 2 =cot 2 cot g ®®* 2 ' 

8. tan-tan^ + tan^ tan^+tan^ tan2=l. 

ABC 

9. Bmii + sinB + sm(7=4cos^oos- cos 2 . 

10. Bm2A + Bm2B+aixi2C=^6mAsmBamC. 
a + b sin -4 + sin B 



11. 
12. 



a-6 sin^-sin^' 

a-b+c sinil-sinB+sin (7 
a + b + c ""sin^i + sin J5 + Bin G ' 



13. cot A + coiB^- coseo B, 

a 

-. a-b+c . A. C 

14. — r — =tan TT tan ^ . 
a-tb+c 2 2 

(X 

15. acosil-6oo8B=B5-^ — ^ (sin 2i4 - sin 2B). 

A Sin A 

16. acos^ + 6cosB=ccos(il-B). 

17. a + b + c = {a + b) cos C+(a+c) cosB + (6+c) cos J. 

18. 2 ^^ sin^ ^=cos il + co8 B. 

c 2 

19. c^an{A"B) = {a^-b^)BinC. 

G G 

20. c»=(a + 6)«sin«2 + (a-6)«C0B2-. 

21. 62 cos^ G-c^ cos' B = l>a - c«. 

22. c = 6coSi4+Va«-62sinM. 

sin B + sin (^ - C) _ c cos B + & cos C 
sin ^ + sin (B - C) ""a cos G + c cos ^ ' 



24. -cos 
e 



. e ^ a - . , /6 c\ fc a\ /a b\ 
4 + -oosB+jCOBC=|+j(--6)(--)(j-s)- 



25. (a+J)»=c»+4a6oos«^~ 
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c* sin ^ sin £ 



26. 5 = J {2 (a363 + 6«c9 + c2a2)-a*-6*-c*}* = 



28inC 



—1/9 , jv sin il sin B _ 2«' sin AeinB sin € 
'^^^^ " 'sS1(2^B)"(8in^ + 8inJ5 + sinC)2' 

27. 8S'= a6c (a cos ^ + B cos B + c cos (7). 

28. If (aa+6a)sin(^-B)=(aa-6«)Bin(i4+B), the triangle is either 
isosceles or right-angled. 

29. If (a^ + h^) cos 2A=:b^- a\ the triangle is right-angled. 

30. D is the middle point of BC^ shew that 

a' 
^D« = c8 -I- -7 - oc cos B 

=c'-f--7-6ccoSi4 

4 

_ 2(&»+cg)>oa 
4 • 
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CIRCLES RELATED TO THE TRIANGLE. 

46. To find the radius of the circle described about the 
triangle. 

Let -45(7 be a triangle: describe a circle about it, and 
draw BD perpendicular to J? (7 to meet the circle in D : join 
CD. (See the figures on the page opposite.) ^ 

Let the radius of this circle be B ; then CD = 2B, since 
CBD = 90^ 

Now If A be acute, BDG^ BAC\ and if A be obtuse 
BDG = 180° - BAG. Therefore in both cases 

sin BDG ^ sin A, 



CIRCLES RELATED TO THE TRLA.NGLE. 



49 



But 



smBDO=: 



BG _ a^ 
GD 2B' 






If J. = 90*, sin BA (7=1 and a = 2JJ; therefore in all cases 

sin -4 = TTs or -. — . = 2ic. 
2B sin A 

Similarly 



2B = -rK, and 2R = -r^ 



sin B """^ ""^ ~ sin G' 
This gives us another proof that 

sin A sin -B sin 6^ * 
The value of R may be written in the form 



abc 



abc 
2bcsmA "' 4S' 



or 



V. 
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47. To find the radius of the circle inscribed in the 
triangle. 

Let be the centre of the in- 
scribed circle, join 0-4, OB, OG. 

Draw OA OE, OF perpen- 
dicular to the sides. 

Let the radius OD be r. 

TheniiBOC+AGOA-^AA OB 
= AABG. 




But BOG = iBG.OD = iar; 8oC0A=:^br, AOB = ^cr. 

a 

.', |(a + 6 + c) r = fif, sr^S, r = - . 

48. To find the radii of the circles which touch one side 
of the triangle and the other two produced. 

Let P be the centre, r^ the radius of the circle MLN, 
which touches BC in i, and ABy AG produced in if, N 
respectively. Join AP, BP, GP. 

Then 
AABG = AAPB + A-4PC - ABP G 



or 



S = i cr^ + i br^ - i ar^ = {s - a)r^, 

S 



' r s= 



8 — a 



Similarly, if r,, r, be the radii of the 
circles which touch the sides opposite 
to B, G respectively, and the others 
produced, 



S 



8 



'•« = .— 6'^'== 



s — c 



These are called the escribed cir- 




cles. 
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49. Some properties of these circles are worth attention. 

Let be the centre of the inscribed circle, 02), OE, OF 
the perpendiculars from on the sides. 

Let P, Q, JR be the centres of the escribed circles, P being 
opposite to il, Q to £, JK to 0. 




Let PL, PM, PJV* be perpendicular to the sides. 

Then since OF=OJE, and AF^AE (being tangents to 
the same circle from A), and ^0 is common, therefore OA 
bisects the angle A. 

Similarly AP bisects the angle A, .'. A OP is a straight 
line. 

So OB bisects the angle B, and, since PL = PM, BL^BM, 
and BP is common, therefore BP bisects CBM, that is 

P£O=90^-~; 

.-. P5O = 90*'-| + | = 90^ 

similarly BBO=^ 90', .-. RBP is a straight line. 

So also BOQ, COB, PCQ, QAR are straight lines. 

4—2 
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Again since the circle touches the sides in 2), E^ F; 
AF^AE, BD^BF, CD^CE. 

If therefore we take these lines alternately beginning at 
any angular point, the alternate aets are equal and each 
equal to 8, 

Again BL = BM, CL = CN, AM^AN; 
,'. AM -f AN = sum of sides ; 
/.AM --AN ^8. 

kSo, V AF+CD + BF=^s, 

that is AF+BC = 8, AF==8-a, 

.-. MF=AM^AF^a. 

8oBM==s^AB = 8^c^CD. 

A 



Again 



OF=^AFiSi.n-^, 
or r = {8 — a) tan -^ . 



A ' A A 

In the same way r^^s tan -^ , OP == JlfFsec-^^ = a sec -^. 
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EXAMPLES ON CHAPTER XII. 



1. R=-r: 



BinA + OJiB + BmC* 

C A —B 

2. 4Boofl 2-«{a+6)seo— 5 — . 

8. 4i2Bm^=s(6-c)co8ec — jr— . 

4. IB cos - cos -5 cos g-=«. 

5. If p be the perpendicular from A on £Ct ^Rp = be. 

6. R^{em2A'^Bhx2B + nn2C)=bcBmA, 

_ .— , A , B , C 

7. r=4J2sm2 Bin 2 Bin 2 , 

- .^ . A B O 

8. r, =4i2 sin ^r cos ^ cos ^ . 

a Z ^ 

n 1 1 1 1 

9. — + — + -«=-. 
rj r, fg r 

10. r=< tanrr tan-:? tan^r- • 

11. ^Rr=ahc» 

12. ri+r,+r8-r=4i?. 

18. rfj r,rg =« (« - a) (« - 6) (« - c). 

14. r^r, =a6 COB* ^ . 

15. rirj+rrg=a6. 

16. Ji x,yfZ be the perpendiculars from the centre of the drcumsoribing 

circle on the sides, - + - + - = :; , and x+y+z^R+r. 

X y z 4xyz* ^ 

17. If the straight line joining the centres of the inscribed and circum- 
scribing circles pass through A^ then B = C, 

18. If the centres of the circumscribing and inscribed circles coincide, 
the triangle is equilateral. 
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19. 0, P, Q, R are the oentres of the inscribed and escribed circles, P 
being opposite io A, Q to B, R to C : shew that the angles of POQ are 

f, i, 900 + ^, that those of PQR are ^. ^±^, li?. that 
OP=4i2 sin^, and that PQ=4Bcos ^ . 

20. Shew that the circles circtunscribing the triangles in qaestion 19 are 
all equal, and that the radius of each is 2JR, 



CHAPTER XIII. 



LOGARITHMS. 



50. Ifa^^m, then x is caUed the logarithm ofva to base 
a,, and is written log^jn, > 

The base a is always 10 in practice. 

The logarithm of a number to a given base is therefore 
the index of the power to which the base must be raised in 
order to obtain the number. 

51. The utility of logarithms depends on the following 
propositions : 

(i) logt, (mn) = logn, m + log^, n. 

For let a* = m, g^ = w ; .*. a**^ = mn, 
or x + y^ log. (mn), 

but X = log. m, y = log. n, .*. log. {mn) = log. m -f log. n. 

(ii) %a -^hg^m- log^n. 

For if o^ « w, cf^n, (f^ = —■= — , that is a? — y « log.— . 

a^ n •^ ^*n 
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(iii) log^ta^ = n log^m. 

For if a* = m, a** = m", that is »a? = log^m**. 

(iv) logt,^m=-lQgjDCk. 

For if a" = m, a* = m", that is - = log^ ^m. 

Logarithms are calculated for all numbers of 7 figures or 
less. If then we want to find the product or quotient of two 
numbers, we have only to take the sum or difiference of their 
logarithms, and look out the number of which the result is 
the logarithm. 

Thus multiplication and division are reduced to addition 
and subtraction. 

Again we can find the result of raising a number to any 
assigned power, or of extiacting any root, by simply mul- 
tiplying the logarithm by the exponent of the power, or 
dividing it by the number of the root. 

52. Logarithms cannot be directly calculated to base 10, 
but to base e, where 

ad infinitimi; we therefore require a form for transposing a 
logarithm from one base to another. 

Leta* = J"' = m, so that a? = log. m, y^log^m. 
Then a^= 6, .*. - = log.6 or log.m»log. J x log^m. 

So log, m = J— -J log. 7/1. 

Hence, by writing e for a, and 10 for 6, we obtain 
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Thus if the logarithms of numbers be calculated to base e^ 
and multiplied by ^ =-^, we shall get them to base 10. 

i 77: is called the modulus, and is equal to "4342945 

log. 10 

nearly. 

53. The value of any number, integral or fractional, 
obviously depends on two elements, the way in which its 
figures are arranged and the position of the decimal point. 
These two elements affect the logarithm in different ways. 
Any number, integral or fractional, positive or negative, may 
be written in the form c-f /x, where c is integral, but not 
necessarily positive, /i a positive proper fraction. Either c or 
fi may be zero. 

If the logarithm of any number be written in the form 
c + /i, c is called the characteristic, fi the mantissa. 

Let N be any number, and let log^^ JV = c + /lc ; 

.-. log,, (JV^ X lO') = log,o N + log,, 10" = ;? + c + /i, 

logic (^- lO') = log,oA^-log,aP = c-p + /^. 

In each case we see that only the characteristic of the 
logarithm is affected by multiplying or dividing the number 
by any power of 10, that is by changing the position of the 
decimal point 

54. The characteristic of the logarithm of a number can 
be at once determined by inspection, and is one less than the 
number of figures before the decimal point. 

For let JV be a number of p figures, and let 10* = -flr. 
Now the least number of p figures is 10^* and the greatest 
that formed by p nines or 10' — 1 ; 

.-. 10* cannot be < 10^* or > lO'- 1, 

.% a? =p — 1 + /i where /lc is a proper fraction ; .•. ^ — 1 is 
the characteristic of log N. 

This rule can be extended to the case of proper fractions. 
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Let jP be a fraction expressed as a decimal, and let q be 
the number of cyphers after the decimal point before the 
significant figures. 

.*. Fx. 10^* is a number between 1 and 10, 10* say, where 
fi is a proper fraction ; 

.-. log (i^'x 10^0=^; 

log^ = /^-(2-hl); 
— (gr -f 1) is .'. the characteristic of F, 

The mantissa is unaffected by the position of the decimal 
point 

For log J\r X 10* =j) + log j\r. 

In the tables the mantissae only are given, the decimal 
point is omitted and the logarithms are calculated to 7 places 
for 5 significant figures. 

N.B. log 1 is to any base, for a* = 1. 

Examples. Giyen log2=*80108, logS=*4771218, find log 5, log 864, 
log -864, log •003125, log */-03, log V\iV • 

6 = V ; .•• log 5 = log 10 - log 2 = 1 - -30103 = -69897. 
864=8 xl08r=32x27=2>3S; 
.-. log 864 = log 2« + log 38 = 5 log 2 + 3 log 3 = 1-50515 + 1-4313639 ■= 2 -9365139, 
log -864 = log AVrr = log 864 - log 1000 = -9365139 - 1. 

This is always written 1-9365139, to shew that the oharaeteristio is 
negative and the mantissa positiye. 

Log -003125=log^=61og5-6=8-49486. 

Or thus, '00^125= fhr. 

Log(7iT,)= -log 320= -l-51og2= -2-50516 
- - 8 + (1 - -50515) =3 -49485. 
2-4771213 



Log ^-03=1 log -03=: 



3 



3 + 1-4771213 T.noor,nn 

— = 1-4923728. 



3 
Here we have to divide - 2 + -4771213 by 3. 

Make the negative integer divisible by 8, that is write -8+1 for -2, and 
we obtain the quotient in the proper form. 
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IiOgi7l^=log64.1og729=61og2-61og3 

» - 6 X -1760918= - 1 0565478 =2-9434522. 

Find the number of digits in 3^, and the number of cyphers after the 
decimal point in (-02)*. 

Log 3^=8 log 3=3-8169704, the charaoteriBtic of which is 8; 

. '. 8^ is a number of 4 figures since it lies between IC and 10*. 

Log('02)<=^6]og •02>=6(log2-2)=l-80618-12 

= 11*80618, the number required is .*. 10. 



EXAMPLES ON CHAPTER XIIL 

1. Findlog,4,logn8,log8 2,log,V27.1og64toba8* i^. 

2. Find the characteristics of log, 13, log], 3, log, 850, log, 838, log,}^ 
logiooo 32872-93. 

3. How many positive integers are there whose logarithms to base 2 
have 5 for a characteristic. 

4. Given logio2«30108, log^o 8 = -4771218, logio 7 =-845098; find the 
logarithms to base 10 of the following - 

^6. -6, -0015, 405, 8-48, 4^72, f/^, 1-5625, (f)*, 6480. 

5. Find the number of digits in 2^^. 

6. Solve 8*=4i', 161^=32 (2*). 

7. What is the least integral power to which 1*05 nuui be xaiMcl, that 
it may exceed 2 f 

8. Given log 21 >: 1-3222193, 

log 25 =1-89794, 
log 28 = 1-447158; 
find log 224, log 288, log 3, log 2, log 7, log,7, log, SO, and log^oo ^7. 

9. Given log 6-4145= '8071628 ; find the numben whose kgarithmB are 
8-8071628 and 8-8071628. 

10. Given log 54 = 1-7823988. 

log 72 =1-8578825; 
find log 45. 
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CHAPTER XIV. 



USE OF TABLES. 



55. The following theorem, for the proof of which the 
student is referred to more advanced books, must be assumed 
before the tables can be used. 

If the difference of two numbers he small compared with 
either y the difference of their logarithms is proportional to that 
of the numbers. 

We will give extracts from the tables with examples of 
their use. 

No. I |1|2|3|4|5|6|7|8|9|D 
7063 I 8489892 1 9954 1 0015 1 0077 1 0138 1 0199 1 0261 1 0322 1 0384 1 0445 I 61 

In aU tables the mantissiB only are given^ the point is omitted. Here 
log 7063 has the mantissa '8489892, so 

log 70631 =x 4*8489954, log 70632 » 4-8490015, &^. 

2) =61 means that the difference between each set of figures is 61 or strictly 
*p000061 (in some instances it is 62, the real difference being some quantity 
between the two). 

Bequired log 70*63674 : 

log 70-68700 =1-8490322,, ,^. ^ ^, , 
Iog70-6S700=1-8490261 ^^^"^ *^« **^^^«) 

D = 61. 

Let « be the difference for 74, .*. x=^jf x 61 = 45 to 2 places, 
.-. log 70*63674 =1-8490261 + '0000046 
= 1-6490306. 
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Beqnired the number whose log is 2*8489921. 

The sequence of figures is intermediate between 70630 and 70631, for 

log 706-31 =2*8489954 
log 706-30 =2-8489892 

D Z 62 

log 706-30 +«= 2-8489921, 

.'. diff. for a:= 29, 

.-. K (to 2 figures) = H x 100=46-7, &c. 

Now since 46-7 is nearer 47 than 46 we take 2=47, 

.'. the number required is 706-3047. 

56. Trigonometrical ratios. 

Since the sine and cosine are always less than unity, their 
logarithms are negative. 

For the convenience of work 10 is always added to the lo- 
garithms of the trigonometrical ratios, which are then called 
tabular logarithms and written L sin A, &c. Thus L tan A 
means 10 + log tan A. 

Eztraot from the tables 



310 






f 


/ 


sine 


cosine 


17 


9-7153937 


9-9317679 


43 
42 


18 


9-7166015 


9-9316911 


/ 


cosine 


sine 


f 








68« 



or L sin 31° 17'= 9-7153937, 
Lcos810ir«9-9317679, 
L sin 680 42' =9-9316911, 
L cos 680 42' =9-9156016. 



Since coB{9(fi-A)'=aiaA, an {W - A)=oobA, if we form a table for 
sines and cosines of angles between and 45o, the same read backwards wiU 
give cosines and sines of angles between 90o and 46o. So for the other ratios. 

Ex. Find L sin 810 ir 24". 

DifE.for60"='<k)02078, 

.-. difl. for 24"=| of K)002078= -0000831 1 

.-. L sin 310 17' 24" =9-7154768. 
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Find A when L oos ^ = 9 '9317102. 

Hereil = 3in7V 

L COB SP 17' = 9-9317679 L cos SP 17' = 9 -9317679 

L cos 31« 18" = 9-9316911 L cos 31® 17'a;" = 9-9317102 



D = 768 diff. for»"=: 577 

/. x^^ of 60=45 nearly ; 
.•.il=3inr45". 



EXAMPLES ON CHAPTER XIV. 

In these examples it may he assumed that 

log 2 =s -30103, log 3 = -4771213, log 7 = -845098. 

1. Given log 13664=4-1356779, log 13665 =4-1356096 ; find log 13-66435, 
and find the number whose logarithm is 2*1356053. 

2. Given log 16826=4-2259809, log 16827=4*2260067 ; find log 168-2637, 
and the number whose logarithm is 8-2259947. 

3. Given log 1 -3287 = -1234269, log 13-288 = 1 -1234596 ; find log -00132874. 

4. Multiply 32*0576 by -69665, the following logarithms being known ; 

log3-2057=-5059229, 
log3-2068=-6059364, 
log 6-9665 = -8430146, 
log 2-2332 = -3489276, 
log 2*2333= -3489471. 

5. Divide 820576 by -69665, the logarithms in the preceding question 
being known, and m addition, log 4 -6016 = -6629089, D = -0000094. 

6. Find (l-05)i», given log 1*6288 = -2118678, D = 266. 

7. Find (1-25)^ to six places of decimals, given 

log 2-4414 = '3876389, log 2-4415 = -3876567, 

8. Find (6414529)*, given 

log 6-4145 = -8071628, log 2*2984= -3614256, 
log 6-4146 = -8071696, log 2 -2985 = -3614445. 



62 USE OF TABLl^ 

9. Find the seventh root of 8115455, given 

log 31154 =4-4935138, 
log 31155 =4*4935278y 
log 8*4653= -9276424, 
log 8-4654= '9276475. 

10. Find the seventh root of -00324, given 

log 44092=4-6443598, log 44093 =4-6443696. 

11. Find ^10, given log 2-1544 = -3333263, D = 202. 

12. Find ."^84, given log 2 -4258 =-384855, D=-000018. 

13. Ltan^=10+Lsinil-LcoSil. 

14. LseCil=20->Lcos^. 

15. Given L sin 20*19' =9-5406903, 

L sin 20« 20' = 9-5409314 ; 
find L sin 20^ 19' 34", and L cos 69<» 4^ 53"^. 

16. Given L sm 38« 48'= 9-7969930, 

L sin 380 49' = 9-7971601 ; 
calculate L sin 36<» 48' 37". 

17. Given L cos 370 31' =9-8993697, 

L cos d7<> 32' =9-8992727; 
flndLcog37»31'30". 

18. Given L sin 32<»= 9-7242097, 

Lsin32n'»9*7244118; 
find the angle for which the L sin is 9*7242198. 

19. Given Ltan3P 13' =9 '7824864, diff. for l'=2849 ; find 

L tan 81« 13' 6", L cot 68* 46' 6^ 
and the ang^e for which the tabular logarithm of the tangent is 9*7823039. 

20. Find L sin 30^ and L cos 30^, and given 

L sin 3001' =9-6991887, L cos 3O0 1'= 9 -9374577; 
find the tabular logarithms of ^ the ratios of dO^^CX 24". 

21. Shew that L8ln2il=log2 + Lsinii+Loo8 4-10, and from the 
results of the preceding question find L sin 60® 2'. 
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SOLUTION OF TRIANGLES. 



57. A triangle i$ said to he solved wh&a its sides and 
angles are known. 

If we know only the angles, we can only tell the relative 
magnitude of the sides : in order therefore to solve a triangle 
we must know at least one side. 

We have the six parts of a triangle and three equations 
connecting them, it is therefore necessary to know three of 
these six parts, in order to determine the others. 

58. Might-angled triangles. 

Let be a right angle. 

We must therefore know two other parts 
of which one must be a side. 

Our results must be adapted to loga- 
rithms. 

There are four possible cases. 

(i) a, b, being known to find A, B, c. 

Here c'^a' + t"; this however is not adapted to loga- 
rithms. 

Also tan -4 = r ; /. L tan ^ « log a -^ log 6 4- 10. 

This determines A; Bis known since JB « 90" — -4. 
c^bsecA or log o 5=log b+L sec -4— 10=log 6-4- 10 - L cos -4. 
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(ii) a, c known or ft, c. 

Here ft*= c" — a*, /. 2 logft = log(c + a) +log(c — a), 

8in-4=-, .'. L8in-4s=10 + loga — logo, 
c 

(iii) a, A known, or a, 5, since if one angle is known 
the other is. 

Here c = a cosec A, 

/. logc = ioga + Lco8ec-4 — 10 = log a + 10 — L sin -4. 

b^acotA, /. logi=loga+Lcot^-10=loga+10— Ltan-4. 

(iv) c, A known. 

Here a = csin-4, J = ccos-4, 5=90° — -4; 
.*. log a = log c + L sin -4 — 10, log 6 = log c + L cos J. — 10. 

69. Oblique-angled triangles. 

There are four possible cases. 

(i) When two angles and one side are given, as A, S, a. 

,(ii) When two sides and the included angle are given ; 
a, b, C. 

(iii) When two sides and an angle opposite to one 
of them are given ; a, 6, A. 

(iv) When all the sides are given. 

In determining angles from a known value of the sine, 
an ambiguity may arise, as two supplementary angles have 
the same sine, but in determining from the cosine or tangent 
or from any ratio of the half angle, no ambiguity can arise. 

60, To solve a triangle, given A, B, a. 
Here = 180^-^-5, 

}) = __ — _ /, log 6 ==: log a + L sin 5 — L sin -4 : 

sm-4 * ^ 

a sin (7 , , . t * n r - a 

c = — : — 1 , .'. logc = loga + LsmC — Lsm^. 
sm-4 ° ° 

The triangle is /. completely determined. 
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61. To solve a triangle, given a, b, C. 

Here c^^^a* + b* — 2ab cos G, a form not adapted to loga- 
rithms ; also sin 5 = - sin G* 

c 

The following solution is adapted to logarithms. 

Since 

A+B . A^B , A-B 
, . . . o 2 cos — 7v— sm — - — tan —^ — 
a — sm J. — sm 5 2 2 2 



a + b sin^ + smi^ « . A+B A-B ^ A+B' 

2 sm — - — cos — ^ — tan — ^ — 
2 2 2 

^ A-B a-b, A + B a-b ^G 

.'. tan — 5 — = — —T tan — ^r— = 1 cot ^r : 

2 a + b 2 a + b 2' 

A — B G 

.*. L tan — ^ — = log (a — 6) -- log (a + 6) + L cot ^ . 

This gives — ^ — , and since — ^ — = 90® — — , -4 and B 

are known ; also c = -^ — ^ > ^^^ •'• ^'^^ triangle is completely 
determined. 

n — h 

The fraction , should be reduced to its lowest terms 

a + b 

before taking logarithms. 

62. Given A, a, b, to solve the triangle. 

Here sin^=-sin-4, .*. Lsin-B=slog6 — loga + Lsin^. 

Also C = 180'-(4+jB); 

a sin G , , x • -r# t • >i 

c = — ; — 7-; .'. logc = loga + LsinC/ — Lsin J., 
sin i^x ^ 

Here, however, since there are two values of B which 
have a given sine, and these will give us two values of G 

V. 5 
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and therefore of c, there will be two solutions, unless we Tcnow 
that one is inadmissible. This is therefore called the am- 
biguous case. 

We will examine it more closely. 
We have always 

sin -B=- sin -4. 
a 

Now i{ a>b, A> B which is therefore acute, and there 
is no ambiguity. 

If 6 sin -4= a, sinjB=l, B=90^, and there is no am- 
biguity. 

If 6 sin J. > a, sin 5 > 1, and the triangle is impossible. 

There is then an ambiguity only when a lies between 
b and bsinA, 

63. To discuss the ambiguous case geometrically. 

Make GAX equal to the given value of J., and GA equal 
to the given value of 6. 




Then B must fall on AX. 

Draw CD perpendicular to AX, and with centre G and 
radius equal to the given value of a describe a circle cutting 
AX in 5, F. 

Then if 5, B are on the same side of A, both of the 
triangle BAG, i?'^ (7 satisfy the given conditions. 

In this case CB is less than GA, but greater than CD^ 
or a lies between b and 6 sin 4. 
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If GB > CA, the circle will cut AX in two points on 
opposite sides of A\ there will therefore be only one triangle : 
for since CAB' is not equal to the given value oi A, the tri- 
angle CAB' does not satisfy the given conditions. 




If CB = CD, the circle will touch AX, and the two 
triangles will coincide. 

If CB<CDy the circle will not meet the line, and the 
triangle will be impossible. 

64. The sides being given, to solve the triangle. 

Here, since we know a, J, c, we know s, s — a, &c., there- 
fore we may use any of the formulae 

.A /{{s — h) (.9 — c) 
sin -7^ = 



cos 



2 ■"VI ^0 
f5(« — a) 



^^/f 



he 

2 VI s.is — a) J 
The last is generally most convenient. 
Taking logarithms we get 

L tan ^ -10=log(5-6) + log (a-c)- log5- log («-a). 

Having found one angle A, we can use the corresponding 
forms for B and (7, or else 

6 . . c . 

sin 5 = - sin A, sin (7 = - sin A, 
a a 

where, if we take the greatest angle first, there can be no 
ambiguity. 

5—2 
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EXAMPLES ON CHAPTER XV. 

In the solution to the first 20 questions, logarithms are not required. 

Solve the six following triangles, C being a right angle. 

1. a=90, 6=90. 

2. a=3, 6 = 3V3. 
8. a=7, c=14. 

4. a=15, .4=60». 
6. c=12,.4=30». 

6. a=d, 8inil=f. 

7. If a=900,tan(ii-B)=V7r • 

8. Standing opposite one comer of a honse, 45 feet high, I find that 
its length snbtends an angle whose tangent is 2, while its height snbtends an 
angle whose tangent is |; find the length of the honse and my distance 
from it. 

9. AB is one mile, ABC=i5^, BAC=75^; find AC in yards and the 
shortest distance from C to AB, 

10. If a=3, 6=1, 0=600; find sin 4, sinBandc. 

11. 6 = 3v^2a, C = 45<^ ; find c and the sines of A and B. 

12. a = 20, 6 = 10, a = 60» ; solve the triangle. 

13. If Cj, Cj be the two valnes of c in the ambignons case, then 

Cj + c, = 26coSi4, CiC2 = 6'-a8. 

14. If a = 1> 6 =2, ^ = 30^, is the triangle ambignons ? 

15. Given a, 6 and that A-B=D; solve the triangle. 

16. Given S,s, A; solve the triangle. 

17. The sides are 2, 3, 4; find the cosines of the angles, and R, 

18. The sides are 3, 5, 7 ; find the cosine of the least angle, and the area. 

19. The sides are 2, V^t fuid \/S-l; find the angles. 

20. The sides are 5, 8, 11 ; find the tangent of the least half angle, and 
the radius of the inscribed circle. 

In the following questions^ it may he assumed that log 2 ='30103, 
log 3 = -4771213, log 7= '845098. 

21. a =3, 6=7, (7=90^; solve the triangle ; given 

L tan 220 45' 12" = 9 -0320233, 
log 68 =1-7634280, log 76158=4-881714. 
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22. c=85, a=43, C=90» ; find 6. 

Given log 7 -3202 = -865229. 

23. a=576-12, c=873-14, C=90»; find u4. 

Given log 57612=4-7605054, log 87314 =4-9410839, 

L Bin 4P 17' = 9-8194012, diff . for 1' = -0001438. 

24. a=1000, .4=33^ C7=900; find c. 
Given L sin 330=9-7361088, 

log 18360 = 4-2638727, 
log 18361=4-2638963. 

25. c=1000, ^=440 25' 37", C=900 find a. 
Given L sin 44® 25'= 9-845018, 

L sin 44® 26' =9-845147. 

26. Find b ; given a=1000, A=50\ B = 640, 

L sin 500=9-884254, 
L sin 640=9*9636602, 
log 1-17329 = -0694062. 

27. Find 6, given B = 32° 15', G = 2P 47' 20", a = 34. 
Given also 

log 3-4= -531479, log 2 -241 =-350442, log 2-242= -350636, 
L8in32n5'=9-727228, L sin 540 2':^ 9-908141, diff. for 1'= -000092. 

28. Find 6 and c, given B=48«>, 0=64°, a=38. 

Given also 

log 38= 1-5797836, L sin 540= 9-9079576, 

log 28-865 = 1 -4603927, L sin 48° = 9-8710735, 

log 344251 = 1 -4972768, L sin 78° = 9-9904644. 

29. Find B and C, given b=15, c=5, A=54P. 

Given Loot 270=10-2928341, 

Ltan440 27'=9-9916616, 
L tan 440 28' =9 -9919143. 

80. Find 4 and B, given a = 135, 6 = 105, C = 60*, 

L tan 120 12' =9 -33448711, L tan 12® 13' =9-3354823. 

31. Find A and B, given a=456-12, 6=296-86, C=74020'. 
Given also 

log 15926 = 4-2021067, log 75298=4-8767834, 
L cot 370 10'=:10-1202593, Ltan 15® 35' =9-4455352, 
L tan 160 36' =9-4459232. 
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32. Find A, B, and logc, given o=12, 6 = 13, C=6(y>, 

L tan 30 Sr = 8-8391633, L tan 3« 58' = 8 -8409977, 
L cos 230 67'= 9-9608987, L cos 23^ 58'= 9-9607864. 

33. Find B and C, given ^=500, 6=119, a=97. 

Given also 

log l-19=-075547, log 9-7=-9867717, 

L sin 50«= 9-834254, L sin 700=9*9729858, 

LBin700 1'=9-9730318. 

34. Find A, B, 6, given a=25, c=24, C=65« 59'. 
Given also L cos 24^ 1'= 9 -9606739, 

log 1755 = 3-2442771, L sin 72« 4' = 9*9783702, 

log 1756= 3-2445245. L sin 72® 6' =9 -9784111. 

log 2-7905= -4456820, L sin 4P 56' 12"= 9*8249771. 

log 2-7906 = -4456976, L sin 6® 5' 48" = 9*0261504. 

35. Given two triangles in each of which ^=30^, c=250, but in one 
a = 125, in the other a =200; solve the triangles in both cases. 

Given L sin 38« 41' =9*79588, log 61654=4*78096, 

Lain S^ 41'= 9-17890, log 372-502 = 2-5712827. 

L sin 68« 41'= 9-9692227. 

36. The sides of a triangle are 5, 12, 13; determine the angles. 
Given L tan IP 18' 30" = 9-300967, 

L tan 110 18' 40" =9-301076. 

37. Given a = 275-35, 6 = 189-28, c = 301 -47 ; find J . 
Given log 38305 =4-5832555, log 8158 =39115837, 

log 10770=4-0322157, L tan 3P 45' =9*7915635, 
log 19377 =4-2872865, L tan 31® 46' = 9-7918458. 

38. Find the greatest angle in a triangle whose sides are 7, 8, 9. 
Given L cos 36* 42* =9 -9040529, diff. for 60"= -0000942. 

39. Find the least angle in a triangle whose sides are 8, 10, 12. 

Given L sin 20^42*= 9*5483585, 

L sin 200 43'«9-5486927. 

40. 0=4439, 6=4861, c=8583, find £. 

Given log 8-9415= -9514104, log 8-583= -9336391, 

kg 4-439 =-6472851, L cos 11* 52' =9 "9906180, 
log4-0905=»-61«''i^ T..^110 53'=9.9905914. 
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CHAPTER XVI. 




CIRCULAR MEASURE. 

65. If AB be a straight line, AGB any arc, AD, DB 
tangents at its ends, then 
clearly the arc ACB>AB. 
Take any point G in the arc ; 
join AC, CB and draw the 
tangent EOF, then 

AC-\-GB>AB. 

Also since Z)^+ DF> EF, 
by adding AE + FB to each 
we find that 

AD + DB> AE + EF + FB. 

If we continue this pro- 
cess, and take other points in the arc and draw tangents at 
them, we form two polygons, one inside the arc, one outside, 
and the more points we take the more we increase the peri- 
meter of the inscribed polygon, and diminish that of the outer. 

But the arc lies between them. 

Hence we assume: 

(i) The arc of a circle is greater than the chord joining 
its ends, and less than the sum of the tangents at its ends. 

(ii) If a polygon be inscribed in a circle, and another 
described about it, the circumference of the circle is greater 
than the perimeter of the first, and less than that of the 
second. 

(iii) If the number of sides of these polygons be indefi- 
nitely increased they become equal in perimeter and area, 
and so too are equal in both respects to the circumference 
and area of the curve between them. 

These statements may be assumed without further proof. 
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66. The circumference of any circle is proportional to its 
radius. 

Let be the centre of two concentric circles ABO, &c., 
abcy &c. 

Draw radii OaA, ObB, &c., 
and join AB, BG, ah, hcl &c. 

Then Oab, OAB are similar 
triangles, so are 

Obc, OBO, 
Ocd, OCDy &G. 
.-. AB : ab :: AO : aO, 
BO : be :: AO : aO, 
&c. &c. 

/. AB+'BG+CD + ... : ab + bc+cd + ... :: AO : aO, 

Therefore perimeter of first polygon : perimeter of second 
:; radius of firat circle : radius of second. 

This proportion subsists if the number of sides of each 
polygon be indefinitely increased. 

But then they ultimately coincide with the circumferences 
of the circles. 

Therefore the circumferences of circles vary as their radii. 
The proof would have been the same if the polygons had 
been described about the circles. 

__ circumference 

The ratio — t-- 1 is called tt : it cannot be exactly 

diameter •' 

calculated : its value to five places of decimals is 3'14159. 

y is an approximation; f^ is nearer the real value. 

The former is generally taken in calculations which do 
not require great accuracy. 
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67. If X he the radius of a circle, its circumference is 27rr, 
q/nd its area in^. 

For the ratio of the circumference to the diameter is tt, 
therefore the circumference = 27rr. 

Again, let be the centre, 
AB a side of a regular polygon 
of n sides described about the 
circle, OC perpendicular to AB, 

Let A be the area of the 
polygon, P the perimeter. 

Now 

Also 

A = nAOAB, P = nAB. 
,\ A = J/V, for all values of n. 

But when the number of sides is indefinitely increased 
the perimeter and area of the polygon coincide with those of 
the circle ; that is when P= 27rr, A = irr^. 

The area of a circle of radius r is therefore irr^. 

68. The angle subtended at the centre of a circle by an 
arc equal in length to the radius is constant. 

Let the arc AB be equal to the radius OA. Let OC be 
perpendicular to OA. 




Now 



TT 



AG=^\ circumference = « ^. 



But by 


Euc. VI. 33, 


lAOB : 


lAOG :: AB : AG, 




irr 




:: 2 : TT, 


• t 


AOB^- Aoa 

TT 




A OB is .'. a fixed part of a right angle, i.e. it is a fixed angle. 
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Since this angle is fixed it may be taken a^ the unit; 
angles measured by it are said to be expressed in circular 
measure. 

The value of the unit of circular measure in degrees is 
easily found. 

For ^05 : 90* :: 2 : tt, 

^ 05 = - X 90^ = ^^i^ = 5r -29577. 
TT 314159 

69. TTie circular measure of any angle is equal to the 
fraction - , where 1 is the length of an arc which svhtends the 
angle at the centre of a circle whose radius is r. 

For, let AOO be any angle. 

With centre 0, radius 
OA (r), describe a circle. Let 
AB = OA. 

Then, by Euc. vi. 33, 

AOC^AC^l 
AOB AB r' 

or AOC=^-xAOB. 

r 

If then ^05 = 1, AOG^^-. 

r 

If an angle be simply expressed by a number or a Greek 
letter, it is understood to be in circular measure. 

70. If D be the number of degrees in an angle, G of 
grades, of circular units, 

D O d 




180 200 tt' 
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For each fraction represents the ratio of the angle to two 
right angles. 

Hence, the circular measure of a right angle is -^ . 

TT is the circular measure of two right angles. This 
statement is sometimes written in the form ir = 180°, a state- 
ment which can lead to no inaccuracy, if we remember that 
TT here means tt times the angle 1, not the number tt. 

Two cautions must be given. 

(1) The unit of circular measure is not tt. 

(2) The statement 7r = 180, the degree symbol being 
omitted, is totally inaccurate and misleading. 

71. If he the circular measure of an acute angle, 
sin 6, 6, tan 6 are in ascending order of magnitude. 

For let AOP be an acute angle. 

With centre 0, any radius 
OA if), describe an arc AP. 

Draw PN perpendicular to OA, 
and produce it to meet the circle » 
atP'; draw PT, FT touching the 
circle at PF. 

Then since PAP' lies between 
PF and PT + FT, AP lies between PF and PT, 

PN AP PT 
'* ~0P* OP' OT^^^^ ^^ ascending order of magnitude: 

that is sin 6, 9, tan are in ascending order of magnitude. 

rfc% TtTx. /I • „ sin ^ tan 

72. When 6 is very small —^ , — ^— are very nearly 

equal to unity. 

For when ^ = 0, cos ^ = 1. 
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Now sin ^, 6y tan 6 are in ascending order, 

•'• ^' sin^' ^^d ^^^^''' 

But as 6 becomes very small, — ^ becomes very nearly 

equal to 1. 

o J 10 cos 6 

So .'. does . —7: , and /. — .—^ or 



sin ^ * ' sin 6 tan 6 ' 

This is often stated shortly thus : 

When ^ = 0, .-^ = 1. 

smc7 

Such a statement is only an abbreviation for the fore- 
going. 

73. To find a limit of error in taking 6 for sin 0, 
sm ^ = 2 sm ^ cos ^ = 2 tan ^ cos* ^ . 

Now tans>^, and cos^^ = l — sin'^ ; .*. cos'2>1""t- 



Therefore sin ^ > ^ — , . 

4 



But sin 6<6^ ,\ the error < -r • 

4 



TT 



22 



Thus if the angle be 1', = ^3-^— ^^ ^ TlTTOSOO ^"^^^^^ 

that is, < -0003, ^ < '000000000007, or the error is to 

4 

eleven decimal places. The error can be proved to be less 
than -^ , but the proof is not suited to an elementary work. 
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EXAMPLES ON CHAPTER XYI. 

1. Eeduce to cirouliar measure 16^ 135^ 360 3' 36", 126« 3r, 25'\ t\ 



IT* 

2. Reduce to degrees 1^ , -ir, 1, ^^-r— , •314159. 

8. Express in circular measure an angle of a regular pentagon. 

4. The circular measure of an angle of a regular polygon of n sides is 
n-2 

IT. 

n 

5. The angles of a triangle are as 3:5:7; express them in circular 
measure. 

6. Find the number of degrees in the angle subtended at the centre of a 
circle whose radius is 1 foot by an arc of 5 inches. 

7. ABC is a triangle, and the angles when expressed, one in degrees, 
one in grades, one in circular measure, are as 252 : 320 : tt ; find them. 

8. ABC is a triangle, and the number of degrees in A = number of grades 
in B = circular measure of C ; find the angles in circular measure. 

9. The sum of all the angles of a polygon is IOt : how many sides 
has it? 

10. An exterior angle of a regular polygon is ^ of an interior angle : 
express each in circular measure, and find the number of sides of the polygon. 

11. The perimeter of a regular polygon of n sides, inscribed in a circle 

of radius r, is 2nr sin — . 

n 

12. The perimeter of a regular polygon of n sides, described about a 

(HTcle of radius r, is 2nr tan — . 

n 

13r The radii of the circles inscribed in and described about a regular 
polygon of n sides, one of whose sides is a, are ^c cot — , and ^cosec— . 

14. The area of a regular polygon of n sides, one of whose sides is a, is 

- a' cot - . 
2 n 

15. The area of a regular polygon of n sides, inscribed in a circle of 

radius r, is s^^sm — . 
. 2 n 
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16. If the radius of the earth, supposed spherical, be 4000 miles, the 
leugth in miles of a degree of longitude in a plaoe the latitude of which is 
P>, is ^ IT cos L 

In the following examples ir=^^. 

17. The driving-wheel of an engine is 5 ft. 3 in. in diameter : how many 
revolutions does it m^ake in a mile, and at what rate will the train be travel- 
ling if it make 3 revolutions per second ? 

18. Find in yards the length of 1" at the equator : radiuses 4000 m. 

19. Find the number of seconds which an equatorial arc a mile in length 
subtends at the centre of the earth. 

20. A cylinder of iron which supports a bridge is 40 feet high and 7 feet 
in diameter : find its curved surface, and the number of cubic feet it con- 
tains, if the iron is 7 inches thick. 

21. The difference between the circumference of a circle and the peri- 
meter of the inscribed regular hexagon is one inch : find the radius. 

22. The minute hand of a clock is 3 ft. 9 in. in length : find how far its 
point will move in 35 minutes. 

23. If an arc 1*309 feet long subtend an angle of 1\ degrees at the 
centre of a circle whose radius is 10 feet, find the ratio of the diameter to the 
circumferen<!e. 

24. A railway curve has a radius of a mile and subtends an angle of 75° 
at the centre : how long is it? 

25. A railway curve has a radius of 1000 yards, and is 1210 yards long : 
what angle does it subtend at the centre ? 

26. A railway curve is a mile long and subtends 60° at the centre : find 
the radius. 

27. A train is running on a curve of a mile radius and changes from N. 
to N. W. ; how many yards has it run ? 

28. What is the length of a rope, 1 inch in diameter, which can be 
coiled on a drum 3 ft. 6 in. thick, and the same height ? 

29. Find the radius of a globe such that the distance measured on it 
between two places on the same meridian whose latitudes differ by 1° 10' 
may be one inch. 

30. Find approximately the difference in latitude between two places, 
one of which is 396 miles north of the other. 

81. On a circle, 10 feet in radius, it was found that an angle of 22° 30' 
was subtended by an arc 3ft. 11^ in. in length: hence find the value of 
IT to four decimal places. 
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82. Prove that the area of a sector which includes an angle a at the 
centre is ^ r', and find the change in this expression when the angle is in 

degrees. 

83. The area of a segment the arc of which snbtends an angle 2a at the 

. . / sin2a'\ , 
centre is ia ^ \rK 

84. Two circles are described each of radius r: if the centre of each be 
on the circumference of the other, find the area included between them. 

35. Three circles, each of radius r, touch one another : find the area 
included between their circumferences. 

86. A target 4 feet broad has a bull's-eye of 8 inches in diameter : find 
in degrees the angles subtended at a distance of 200 yards by the target and 
by the bull's- eye. 

87. A man aims at the centre of a target 500 yards off, but his rifle 
throws 7" to the right of his line of aim : how many inches from the centre 
will the bullet strike the target ? 



CHAPTER XVII. 

TRIGONOMETRICAL EQUATIONS. 



74. In Trigonometrical equations we have given some 
relation between the ratios of an unknown angle, from which 
one or more values of one of these ratios can be found, 
and we have to find all the corresponding values of the 
angle. 

We must therefore discover forms for writing down all 
the values of an angle when one of its ratios is known. 

It is convenient to express the solutions in circular 
measure. 

Let a be one angle which has the given ratio, then if the 
equation be sin*^ = sin^a, cos* ^ = cos'^ a, or tan* 5 = tan' a, 
we know that the only angles which have the same ratios as 
a, without regard to sign, are those formed by adding or 
taking away a from any multiple of two right angles. 

The solution is .*. ^ = wtt ± a. 
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75. To find a form for all angles which have the same 
sine as a. 

Let AOP-:-a, make A' OF 
^AOP: then AOF = V - a. 

Then we know (Chap, vi.) 
that AOPy AOF and angles 
which difiFer from either by some 
multiple of four right angles are 
the only angles which have the 
same sine as a. 

The angles which diflfer from AOP by some multiple of 
4 right angles are 27r+a, 47r + a..., — 27r+a, — 47r + a... 
which are included in the form Swtt + a, and similarly those 
which diflfer from AOF, or tt — a, by the same are included 
in the form 2mr + w — a, or (2n + 1) tt — a. 

In these forms the sign of a is + or — , as the coefficient 
of 7r is even or odd. 

But (— 1)'* = 1 or —1, as m is even or odd; 

.'. m7r+(— l)"a comprises both cases. 

If /. sin ^ = sin a, ^ = mir + (— 1)"* a where- m is integral. 
AOP or a need not be an acute angle. • 



76. To find a form for aU angles which have the sam^ 
cosine as a. 



Let AOP^a, make AOF =AOP; 
.'.AOF=^-a. 

Now we know that the only angles 
which have the same cosine as a are 
A OP, A OF, and angles which diflfer 
from either by a multiple of four right 
angles. 

These are all included in the form 
Zmir ± a. 
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77. To find a form for all angles which have the same 
tangent as a. 

Let AOP==^, as bsfore. 

Produce PO to F, then A OP, 
AOP'y and all angles formed by add- 
ing any multiple of four right an- 
gles to either, that is, by adding any 
multiple of two right angles td AOP, 
have' the same tangent, and are the 
only angles that have. 

The form is .*. m7r + a. 




Examples : 
(i) 

(ii) 
Hete, either 

(iii) 



8in'fl=J, ••. smd= ± J, 

IT IT 

but Biii- = i, ,*. ^=nir±^. 
o o 

2 cos* a? - 3 cos a? + 1 =0. 

cosx=l=cosO, or cosa;=J =cos —; 

o 

.'. a?=2ffiT or 2)»ir±3. 

o 



2 sin^a;=3co8ar. 
.'. 2-2co8'x=3cosa:, 2co83:r + 8co8x=2, cosa!=Jor-2. 
The solution - 2 is inadmissible, since cos x must be between 1 and - 1. 



Also 



cos -^=4; 



a;=2TOir±-. 



EXAMPLES ON CHAPTER XVTI. 



1. Write down the general values of ^, when the following equations are 
satisfied: 2sin3d=l; 4008^^=3; sin^^^l; tan^d^S; coseo3^:=4; 
cot2 5=3. 

2. Write down the general values of 9 for the following values of the 
sme: J, -V . 1, -1, -:^, -^. 

8. Write down the general yalaeB of 6 for the following ralaes of the 
oofline: i, -Y- 1. 0, ^j^2 . -^. 

V. 6 
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4. Write down the general valaes of for the following valaes of the 
tangent: 1, -1, V3i =,2+V3, >/3-2. 

6. If smd= -sma, d=wi»' + (- l)'*~^o. 

6. Shew that the forms mv+C-l)"* a, and (4n+l)^db( --a] givethe 
same angles. 

7. Find, in degrees, all the acnte angles which satisfy the equation 
sin 10^= i. 

8. Find, in degrees, all the obtnse angles which satisfy cos 120s ). 

9. Find, in degrees, all the angles between 180^ and 270^, for which 
tan 65=1. 

Solve the following equations : 

10. cos* 5 -sin* 5= J. 11. coB0 + am0—-—r. 12. 6in25=ssin0. 

13. tan^=cosec5-sin5. 14. cos 0+ cos 20+ cos 85=0. 

lo. 2 sin* 85 + sin* 60 =» 2. 16. 4sm*0+8m*25=3. 17. cos30=co60. 
18. tan0+3cot0=4. 19. 2 sin - sin 25 =(1+ cos 0)*. 

20. tan-i^i^-tan-i^^=tan-U. 21. cos 25 + cos 40 =2 cos 80» 

x-1 x + 1 

22. tan5sin5=}. 28. sin 2a; = cos 8a;. 

24. cos 8a; + sin 8a; = cos x + sin a;. 25. tan*a;+4 sin*a;=6. 

26. 2tan5+4 = (2 + V3)8ec0. 27. l + sina;=|cosx+J tana;. 
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78. The principal applications of Trigonometry are in 
measuring heights and distances. 

By using a sextant, an observer can measure the angle 
subtended at his eye by any two objects which he can 
see. 
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By means of a theodolite, he can measure any angles 
in a vertical or horizontal plane. 

If P be any object above the 
horizontal plane, PAB the angle 
which PA makes with the hori- 
zontal plane through -4, then 
PAB is called the angle of ele- 
vation of P, Similarly, if A be 
observed from P the angle APH, 
which PA makes with the hori- 
zontal plane through P, is called the angle of depression 
of A. 




79. A, B are two stations on a horizontal plans, from 
which a ikird P can he seen, to find the distance of P 
from each. 




Let -45 = c, PAB^a, PBA = ^. 

■D A^ Ar. A-n >! D sin PBA sin fi 

By Art. 40, AP^ AB -. — -tdd = ^ » / 7 ioS > 
^ ' sm-4PJS sm(a + p) 



since 



u4PP=180'-a-/3. 



Similarly 



i?P = C-T 



sma 



sin(a + /8)' 



6—2 



84 



PBOBLEMS. 



80. An object, above an horizontal plane, is dbsendff^ 
two etations on the horizontal plane, to find its height 

Let D be the highest point of the object, A, B the t«o 
Ktations : let AB^a. 




(i) Let ABD be a vertical plane, and let the angles of 
elevation from A and JS be a, /8 respectively; let CD=x, 

Then x » AD sin a, 

but AD^AB .''li„=^a-^-^' 



A xts^a 



sin ADB ^ sin {/3 - a) 
sin a sin fi 



sin (/8 — a)* 



(ii) Next let A and B not be in the same vertical plane 
with 2). 

As before, let the angles of ele- 
vation of Z) at ii and J3 be a and /3. 

Measure DAB, DBA, and denote 
them by 7 and B respectively. 



Then 
])A=.AB'^^SA^a 



sin 8 




sin ADB "'sin(7 + S)' 

Tkn T^ A • sin S sin a 

^1/ = DA sm a =s a -r—, — — sr . 

sm (7 + 0) 
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Exactly in the same way we might have found 

sm (7 + 0) 

The agreement of the two results will give us a test of 
the accuracy of our observations. 

81. The surface of the earth is not really plane but 
that of a spheroid, or approximately a sphere of 4000 miles 
radius. 

Calculations made on the supposition that the earth is 
flat are necessarily erroneous, and though the error is incon- 
siderable if the stations are close together it cannot be neg- 
lected if they are far apart. 

82. To find a relation between the height of an object, 
and the distance at which it can just be seen from the sur^ 
face of the earth, supposing the earth to be a sphere o/4000 
miles radius. 

Let -4 be a point on the earth's 
surface from which an object BG of 
height hfeet can just be seen. 

Let be the centre of the earth, 
BOB that diameter which, when 
produced, passes through G, 

Let -4jB= d miles, OA = r miles, 
where r = 4000 nearly. 

Then the plane in which GB, GA 
are must pass through the centre 
a Let BOA = 0, then (Art. 69) 
BA=^r0, GA=rtBJi 0. 

Since is small, we may consider and tan^ to be 
equal (Art. 72) and .'. r^ = r tan ^, nearly. 

Now -4(7 is the tangent at A\ 

.\AC=^CB. GB (Euc. III. 36) 




or 



t? = 



h 



'5280 



(2r + -^A- 
V ^5280/ 



800 



A + 



528 ^5280' • 



86 PBOBLEMa 

If h be small, (^9;^) is a small fraction, and can be neg- 
lected in comparison with h, and then we have 

This gives the ordinary rule — the height of an object in 
feet is equal to two-thirds of the square of the distance, at 
which it can he seen, in miles* 

83, Dip of the horizon. 

Let CH (in the preceding figure) be the horizontal line 
through G in the plane OCAi it is obvious that as CB in- 
creases, CA and HGA increase too. 

The angle HGA is called the dip of the horizon from G : 
for since A is obviously a point on the bounding line of 
that portion of the earth's surface which can be seen from -4, 
A is on the horizon. 

Let HGA ^e,GB = h (in ft.), J5^ = rf (in miles). 

Then since HGA = GOA, (each being the complement of 

Hence by substitution we can get 6 in terms of h. 
Or thus ; if A be the height in miles, r the radius^ . 

a AO r f^.hy 

.•.(l-sin-^)* = (l + ^)"*; 
.•.4 sin'^ = - , nearly, neglecting powers of sin 6 and of 

h 

- higher than the first. 

2h 
Since is small, sin ^ = ^ nearly, .\ ^ = — . 

r 

is here the circular measure of the angle. To obtain 
the angle in degrees we must multiply by . 
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EXAMPLES ON CHAPTER XVIII. 

1. A man stands at a point A on the bank AB of a straight river, and 
observes that the line joining ^ to a post C on the opposite side makes an 
angle of 30^ with AB. He then walks 400 yards along the bank to B, and 
finds the angle ABC to be 60^. Shew that the breadth of the river is 
100^/3 yards. 

2. An isosceles triangle of wood is placed in a vertical plane, vertex 

upwaids, facing the sun. If 2a be the base of the triangle, h its height, 

80*^ the altitude of the sun, the tangent of the angle at the apex of the 

' , . 2a;iV3 
snaaow is r-rs — 5 . 

onr — Or 

8. The length of the shadow of a vertical stick is to the length of the 
stick as yj% : 1. If the stick be turned about its lower end in a vertical 
plane so that the shadow is in the same direction, find its inclination to 
the horizon when the length of the shadow is the same as before. 

4. Standing opposite the stem of a barge which is moored parallel to 
the bank of a stream, I find its length subtends an angle of 45^ ; walking 
100 feet along the bank, so that I pass by its bow, I find its length subtends 
an angle whose tangent is ^, Shew that the barge is fifty feet long. 

5. A target is six feet in height and twelve in breadth : find the tangents 
of the angles its four sides subtend at a point 800 yards in front of its bottom 
right-hand comer. 

6. The base of a pyramid is square, and its faces equilateral triangles: 
find the inclinations of the faces to the base. 

7. An object six feet high, placed on the top of a tower, subtends an 
angle, the tangent of which is "OlS, at a place the horizontal distance of 
which from the foot of the tower is 100 feet : find the height of the tower. 

8. The angles of elevation of a balloon (a, /3, 7) were taken at the same 
time by three observers, one at each end and one at the middle point of 
a base of length 2a on a horizontal plane. Find the height of the balloon. 

9. A person wishing to ascertain the height of a rock on a plane inclined 
at an angle of 15^ to the horizon, ascends 80 feet in a vertical plane with 
the rock, and then it subtends an angle of 30^; find its height. 

10. The elevation of a steeple on a horizontal plane is observed, and at 
a station a feet nearer its elevation is found to be the complement of tbe 
first; on advancing h feet nearer still, the elevation is double the first: 
shew that the height is 
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11. An object above a horizontal plane is observed from two stations 
Af Bt c feet apart and in the same vertical plane with it ; its angles of eleva- 
tion being a, ^ - a : determine its height. 

12. If the angles in the preceding question be a, 2a, determine the 
height. 

13. Solve the two preceding questions numerically, when c=100, 
a=220 3(y. 

14. From a horizontal road running E. and W. a mountain is observed 
due S. at an angle of elevation a ; after walking a mile along the road its 
elevation is /3 : determiae its height and distance from the road as the crow 
flies. 

15. A tower stands on a horizontal plane, and a flagstaff at the top is 
found to subtend the same angle, 15^, at two points on the plane, whose 
distances from the foot of the tower are a and h feet. Shew that the height 

of the flagstaff is 2^ feet. 

16. From the top of a diff 100 yards high, the angles of depression of 
the top and bottom of a vertical river-bank opposite are BQ9 39' 36'' and 
5V 2(y 24", Find the breadth of the river, and the height of the bank. 
Given 

log2 = '30103, L tan38» 39'=9-902928, LtanSS^ 40'=9-903198. 

17. A person in a ship whose course is due north observes that two 
flxed objects, known to be a mile apart and east and west of each other, are 
in a straight line : how many yards will the ship have gone when it is 
observed that the two objects bear angles of 65^ 24' and 52^ 5' with the 
course ? Given 

L cos 660 24'=9'319386, h sm 130 19'=9-362356, Jog l-95='292035, 

L cos 620 5/ s= 9-788532, log 176 = 2 -246513, log 1-96 = -292256. 

18. From two points A and B in the same vertical plane with a tower, 
and 66 feet apart on a horizontal plane, the elevations of the tower are 
290 30^, 210 20' respectively : find its height. Given 

L sin 290 30' = 9 "6923388, L sin 8^ 10' = 9-1524507, log 8-3231 = -9202851, 
L sin 21 20' = 9-5608546, log 66 = 1-8195439, log 8-3232 = -9202903. 

19. A person standing at a point A^ due south of a tower built on a 
horizontal plane, observes the altitude to be 60^. He then walks to a point 
B, due west from ^, and observes the altitude to be 45^, and again at C in 
AB produced, he observes the altitude to be 30^. Shew that AB=BC* 
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20. A man stands on a wall height h^ and observes the elevation (a) of 
the top of a telegraph post : he then descends from the wall and observes 
the elevation (/3). Shew that the height of the post exceeds that of the man 
- fesin/Scostt 

^ sin03-o) • 

21. The angular elevation of a tower at a place due north of it is 45®, 
and at another place due east of the former 16®. Shew that the height of 

the tower is ^ (Si - 3~i), where a is the distance between the two places. 

22. The altitude of a certain rock is observed to be 47®, and after walk- 
ing towards it 1000 feet up a slope inclined at 32® to the horizon the altitude 
is 77®. Find the vertical height of the rock above the first point of observa- 
tion. Given sin 47®= -73135. 

23. An observer on the top of a cliff, 200 feet above the sea level, notices 
that the angles of depression of two boats at anchor in the same vertical 
plane with ^^^^ are 30® and 45®. Find the distance of the boats from each 
other. 

24. A tower stood at the foot of a plane inclined at 9® to the horizon ; 
a line 100 feet in length was measured straight up the incline from the foot 
of the tower; at the upper end of this line the tower subtended an angle 
of 54® : find its height. 

25. The lamp of a lighthouse is 216 feet above the sea : how far off can 
it be seen ? 

26. Lighthouses are placed at intervals of 16 miles along a straight 
coast : at what height must the light be fixed so that one at least may be 
visible at a distance of six miles from any point of the coast ? 

27. A boat has a light six feet above the sea : at what distance wiU it 
just be visible from the deck of a ship 24 feet above the sea ? 

28. What must be the height of the mast of a ship which is just visible 
at a distance of 15 miles from the deck of another ship 8 ft. 2 in. above 
the sea? 

29. Supposing the radius of the earth to be 4000 miles, find the dip of 
the horizon from a balloon- four miles from its surface, and the height of the 
balloon, when the dip is one degree. (v= y .) 

SO. If a tight on a pole 33 feet high be just visible at a distance of seven 
miles, find the earth's radius. (ir= y.) 
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1. ABC is a triangle, and the measures of A^ B, C, in degrees, grades 

120 
and drcalar units are as 1 : 1 : — : express each in degrees. 

2. Express the following in terms of ratios of angles less than half 
a right angle : 2 sin 5100 + tan TOS^^ tan 258® - coseo 236<>. 

A A 

3. cos J =cos* ^ - sin* ^ . 

4. If COS A cos 8J =^*7, then tan^l = it — - . 

6. Bina+8inj9-cosasin(a+/3)=2sinasin'— ^. 

6. If log 2 = -80108, and log 8 = -4771218, find log (^)* • 

7. The angles of a triangle are as 1 : 2 : 8, and the perpendicular from 
the greatest angle on the opposite side is jp : find the area. 

8. Eliminate $ from the equations, 

flscos^+y sin^=a, xsin^-y cos^=&. 

9. Solve sin 50= sin 8d. 

10. ABC is a triangle : AD^ BE^ which are perpendicular to BC, CA 
respectively, intersect in : shew that 0^ = a cos il. 

IL Find the French measure and the circular measure of 25® 2' 25". 

12. If the radius of the earth be 4000 miles, find the difference in lati- 
tude of two places, one of which is 200 miles south of the other. 

13. If 1 + sin* 0=8 sin0 cos0, find tan $. 

14. COS (450 - A) cos (450 - J?) - cos (450 + J) cos (450 + B) = sin (il + B). 

15. Given logg9=a, and log3 5=&: find logxo2 and log, 10 in terms of 
a and h, 

ABC 

16. (6 - c) (« - a) cos* _ + (c - a) (« - 6) cos* ^ + (^ - ^ (« - ^) cob* n = ^• 

17. Eliminate d from a;cos0+y sin0=a=a;sin0— y cos0, 

18. If asinil + &sinB+csinC=0, 

acosii + & cosB + c cos C= 0, 

., Bin(B-C) _ sin(C-ii ) sin (A - B) 

tnen — — r ^ • 

a c 
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-. o , 8m*d , 008*^ , 

19. Solve -^-«-+ — o-=l. 

sin^ a cos* a 

20. If D be the middle point of the side BC of a triangle ABC, and S be 
the area, then cot ADB = ^rn — • 

21. The angles of a triangle are in a. p., and the number of grades in the 
least =snnmber of degrees in the greatest : find them in circular measure. 

22. Calculate the distance at which a globe of 5} inches in diameter will 
subtend an angle of 6' («-=^). 

28. Trace the changes in sign and value of cos ^ + sin d, as 6 changes 
from to 2fl-. 

-. _- . ^ sinacosjS 

24. If tand=-^— ^ , 

sm)S + cos a 

then ^^0 {l-«np){l-^a) 

2 sm a cos^ 



COS 

and tan 



/IT. 0\ -"U 2 ; 

''"^(i- 2 j 



26. tan {A+B) tan (^ -B)= ^^' ^ " ^!^'^ . 
^ ' ^ ' cos'il-sm^B 

26. If sinil sm, ain-Q ^^ ^^ values, whose sum is zero, and product 

T" 

27. If two sides of a triangle 4 and 5 and the cosine of the difference 
of the opposite angles be H, then the third side will be 6. 

28. ABCD is a quadrilateral, whose opposite sides AB, CD are at right 
angles : shew that cotDilB cot^£C=cot CAB cot ABD. 

29. Solve tan" ^ = 3 oosec' ^ - 1. 

80. If circles can be inscribed in and described about a quadrilateral, 
whose consecutive sides are a, b, c,d: shew that the diagonals meet at an 

, ,ac-bd 

81. The angles of a triangle are in a. p., and the number of degrees in 
the least is to the number of grades in the greatest as 8 : o : find them in 
degrees. 

32. The large wheel of a bicycle is 56 inches in diameter, and the small 

(22 \ 
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33. Trace the changes m sign and yaliie of tan^-eot^, as $ changes 
from to «-. 

sin 3^ +2 sin 5^+ sin 79 sin 59 



M. 



sin 59 + 2 sin 79+ sin 99 sin 79* 

9 



9 l-**^'4 

35. tan9=4tan 



^l-6tan»?+tan*? 
4 *4 



36. Given logio2=30103, log^o 7= '845098 : 
find logio98 and logiowH*-* 

37. -i + ;- + — = 



ab be ea" 2Mr * 

38. If ifi=cosee9~sin9, n=8ec9~cos9, 
then III' ffi (mi + n^ = 1. 

39. Solve the equation sec 9 - 2 cos 9=1. 

40. If the distance hetween two stations A, B on a horizontal plane 
snbtend eqnal angles (a) at two other statioi)s C and D on the plane, and if 
/3 be the sum of the angles CDB, DCA, then 

AB=CD '^" 



sin (/3 - o) * 

41. ABC is a triangle, right-angled at C, and the nnmber of degrees 
in A : circular measmre oiB : : 45 : r : find A and B, 

42. The driving wheel of an express engine is six feet in diameter, and 
makes 280 revolutions per minute : what is the rate? 

43. If coSii= — « — i , find cosec^. 

44. secii + sec (1200+^) + sec (120<^-ii)+3Bec3ii=0. 

45. i£ Bin(a-ft ^ Bin(a + 9) then cot ^- cot 9= cot (a +9)+ cot (a- ^). 

sm /3 sm 9 '^ % / \ i-/ 



46. 



ato^B-hco^A sin'ii-sin'B 



c sin'C 

47. Two sides of a triangle are a and 2a, and they indude a right angle ; 
if fj, fj be the radii of the escribed circles touching these sides r^ r2=a*. 

48. Eliminate 9 and ^ from 

flsin'9+6cos29 = m, 

&Bin*0+acos'0=n, 

atan9 = &tan0. 

49. Solve the equation 2 sin 9 sin 39 = sin* 29. 
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50. If 6 be the acnte angle between two adjacent sides of a rhombas, 
whose diagonals are x and y, then 

C0S^=-j— %. 

61. If I be the length of the arc which subtends an angle $ at the centre 
of a circle of radius r, and if 9=3 - , what is the unit ? 

T 

62. (cosec* A-'l)(2 vers A - vers' -4) = cos' -4. 

63. cos SA-andA = (cos A + smA) (1 - 2 sin 2A), 

54. Cos2g+cos2^+oos2g+cos2g=4sin-co82gcos^. 

56. tan-i|=itan-i(-V)=icos-i(-Ht). 

2 J be A 

66. If in the triangle ABC, tan $=~^^ sin - , then a= (6 - c) sec $. 

__ _. tani-tanJ5 <?-6 ., . ^^ 

67. If I — -. — 7 — =: = , then^ = 6(r. 

tan^ + tan£ c 

68. If a; cos/3 +^ cos a =2, 

xainp-y Bina=0, 
X y z 



then 



sin a 8in/3 8in(a+/9)* 
69. If cos 2)9+ cos ^9=0, prove that the different values of 6 form 

arithmetic progressions, of which the common differences are — ~ and ^ 



p+q p-q 

respectively. 

60. If A be the area of a quadrilateral inscribed in a circle, shew that 

the diagonals meet at the angle sin"^ z-z , where a, 6, c, d are con- 

ac + oa 

secutive sides. 

18 I 

61. If 9= — • -, where I is the length of the arc which subtends an 

IT r 

angle 6 at the centre of a circle of radius r, what is the imit ? 

62. ABf AG are two radii of a circle at right angles to one another, on 
BC as diameter a circle is described : find the area of the part outside the 
quadrantal arc and within the semicircle {AB==a). 

63. sin 105« + cos 106o = cos 45^ 

^. /I + cos a seca-l . . « \ / ,x . 

64. ( = r 4cot2a ) (seca+l)=4. 

\l-co8a l + seca J ^ ' 

66. 008-1 J + 2 sin-i J = 120®. 

^^ . SA Bin3J5-sin8C , ^__. ^. , 

66. tan -^ = — ^7= 5^ , where ABC is a tnangle. 

2 cos 3(7- cos 3B' ° 
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67. In an isosceles right-angled triangle a straight line is drawn from 
the middle point of one side to the opposite angle : shew that it divides that 
angle into two parts, whose cotangents are 2 and 3. 

68. If he the centre of the inscribed circle of a triangle, then 

a . AO^+b . BO*+e . CO^=^dbc. 

69. Solve 2 tan-^ (cos 6) = tan-^ (2 coseo $), 

70. Two towers, whose heights are 80 and 180 feet respectively, stand 
on a horizontal plane ; from the foot of each the angle of elevation of the 
other is taken, and one is doable the oth» : shew that the horizontal dis- 
tance between the towers is 240 feet. 

71. The angles of a triangle are as 5 : 7 : 8 : express them in each of 
the three measures. 

72. Find the areas between the circumference of a circle and its in- 
scribed and circumscribing squares. 

73. If cot ^ = 1 + V2, find cos A, 

74. sin 180 + sin 300 = sm 540. 

76. tan-i (cot A) + tan-i (tan A)=mr+^-2A. 

76. 1ywi^'=(V3-V2)(V2-l). 

77. In a triangle ^ =90o and B=600, diew that 2a=c+6V3« 

78. fj cot - —r^ cot 2 =»'s cot - =r cot ^ cot o cot -^ . 

79. Solve cosec ^ + cot ^ = ^3. 

80. Begular polygons of the same number of sides are inscribed in and 
described about a circle. If their areas be as 3 : 4, find the number of 
sides. 

81. Find the unit when 1200 is represented by ^f . 

82. The circle inscribed in an equilateral triangle is cut out: compare 
the area left with that of the triangle. 

83. Trace the changes in sign and value of sec ^- cos 9 as B changes 
from to 2)r. 

84. COS300+COS 600 + cos 2100+cos2700= J. 

85. 2 cot~^ X = cosec"^ —z — , 

2x 

A C B 

86. If a, &, c be in a. p., then 2 sin ^ sin ^=8in-^ • 

87. The points where the circle inscribed in a triangle ABC touches the 
sides are joined. Shew that the sides of the triangle so formed are propor- 
tional to cos - , cos - , cos ^ respectively. 

A a a 
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86. If aeoB^+&sin^=acos04-&Bin0=:e, and tan^tan^sm, 
then c«-o»=TO(ca-6>). 

89. Solve COB 8^ -cos 5^+008 8^=^1. 

90. If the mast of a ship, the top of which is 96 feet above the water, be 
just visible at a distance of twelve miles, determine the earth's radius 

approximately. 

arc 

91. The unit angle is 15<^ and measure of an angle = ft x — r : what is the 

value of ft ? 

92. Trace the changes in sign and value of cost (cos ^~ sin d) as 
changes from to 2t. 

^- ,T-a . .T + a ,ir-a ,T + a 

93. sec* 7— + sec' —j- = sec' —r- sec' - . . 

4 4 4 4 

1-sinacosa sin'a-cos'a 
94. z : X ^-g — ; a- =Smtt. 

COS a (sec a - cosec a) sm' a + cos^ a 

cos 400 OOB800 cos 200 
^ cos «00 " cos 200 cos 40o ~ 

96. Find the area of a triangle whose three sides are *9, 1*2, 1*5. 

98. Eliminate and from the equations 
^=a;tan^+acotd, j/sastan^ + acot^^ tan^ + tan^=m. 

99. If a, /3, 7 be the perpendiculars from the angles on tihe sides of 
ABC, then asinil+&8in^ + C8inC=2 (acoSil+/3cos£+7Cos(7). 

100. From a balloon at the height of one mile the dip of the horizon is 
observed to be lo 16' 20" : determine the earth's radius. 

arc 1 

101. In the equation, angle = ib .—^, shew that t is the circular mea- 
sure of the unit of angular measurement. 

102. What is the circular measure of the angle between the hands of 
a watch at a quarter to twelve o'clock ? 

108. If tan a =s n + ^ =• , find cosec a and vers a. 

2n+l 

104. cot a -tana =2 cosec 4a +2 cot 4a. 

, sin^ — sinC 

105. If il, B, C are m a. p., then — j^ — -— j =oot J5. 

' ' cosCz-cos^ 

106. Inany triangle iiBCloga=log (6- c)+L cos 2 -Loos0, where 

. ^ 6+c. A 
tan^=^-^tan^, 

107. If ilBC be a triangle, and C=90o, then tan-ir^ + tan-*-^ =460. 

o+c a+c 
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108. If the radius of the circumscribing circle of a triangle be equal to 
the diameter of the inscribed circle, the triangle is equilateral. 

109. A flagstaff six feet high on the top of a wall subtends an angle 15<^ 
at a point on a horizontal plane on which the wall stands : the elevation of 
the wall being 45^, find its height. 

110. The straight lines bisecting the angles of the triangle ABC meet 
the opposite sides inLtM^ N respectively : shew that 

25f 



AL^ 



(6 + c) sin- 



that the area of LCM is 



2ahc8 



and that of LMN ,..>,,.>,,, , 

(a+6)(6 + c) (c + a) , 

where 8 is the area of ABC. 

111. The number of grades in an angle of a regular polygon exceeds the 
number of degrees by 16: how many sides has the polygon ? 

112. The diameter of the moon is 2160 miles: if it subtends an angle 
of Sr at the surface of the earth, wh^t is its approximate distance from the 
earth? 

1 + tana 1 2 



113. 



sec a sma + cosa seca + coseca 



114. If tand=tan'^, and 3cos20=m«-l, 

then cos'^+sin?d=(- j . 

115. Given a =26, A=%B\ find ^ B, (7 and c. 

116. Find the sine of the greatest angle of the triangle whose sides are 
11, 13, 16. 

117. ABC is a triangle, D, E^ F the points where the perpendieulars 
from the angles meet the sides : shew that J)E=Ran2At and find the area 
of DEF. 

118. If ay cos a = 6z cos/3, a:+z=y, aysina-6zsinj8=y2-«^ 

then »= aft Bin (g-^) 

acosa + 6cos/9 

119. The product of the perpendiculars from the angular points on the 
sides of the triangle ABC is r . 

120. If be the centre of the inscribed, P, Q, B of the escribed circles 
of a triangle, prove that 

OF*+QR^=OQ*+BI^=OR»+PQK 
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EXAMPLES ON CHAPTER I, page 4. 

1. 66* 6ff 66^*-6, 63« Q& S8' 8, 60« 61* 20'-7. 

2. 58« 46' 62"-5, 157<> l^ 46", Ac., 4® 32' 42"-62. 

3. 870P. 4. 20 minutes to 5, or 3^ minates past 4. 

6. 86->. 72». 72.. 6. ??. T. ^^. 8. ^. 

9. 180. 10. 20'. 11. 108«, 1200, 1440. 

13. 36. 14. 12, 6. 15. 10, 8. 16. 6, 3. 

17. 900, 600, 300. ig. C=1350, D=10B\ 



EXAMPLES ON CHAPTER II, page 7. 

, , BG CD BD , ,. , , . Q 

1. sin -4 = -Y= = -j-p, = ^-= : each ratio can be expressed m 3 ways. 

A.Jj A.{j JjO 

2. 45. 3. 300. 4, io80. 5. ATB=^1S09^A, TAB = TBA=^. 
6. 1200, 300, 300. 7, g^ Euc. VI. 3. 



EXAMPLES ON CHAPTER III, page 11. 

1. sinii=^, cotii=|, cot^=i, seOii=f, cosec^=f. 
%, cobA=^, tanii=J^. 3. JV» V-- *• A- 

7. sin ^ = Jl-ooB^A, tan -4 = ^^ — , Ac. 

^ ' COSii 

. . tanii ^ 1 jL 

BxaAss.— 00a Ass -J , Ac. 

N/l + tan2-4 ^1 + tanM 

V. 
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EXAMPLES ON CHAPTER IV, page 15. 
8. The triangle is equilatexal. 9. G(fi, 80^, 9(fi, 

10. eotW==j6+2y/5, tanl80=^^m^, Beo72o=coBecl80=V5 + l. 

U. ^=60», B=36». 12. ii=30», B=460. 

1». ui=:46«, B=30». 14. 30». 15. 45o, 30». 16. SO*. 

EXAMPLES ON CHAPTER VI, page 23. 

2. Bm(27(P+A)= -ebaA, coB(270®+^)=smi4, tan(270»+ii) = -cot^. 
sm(2700--4)=-ooBii, coB(270®-ui)= -sinii, t&n{27(fi-A)=coiA, 

8. ThesinesalidooBineflare^ig, --1); g,-^^), (-^,-^), 

•• 2 ' V2' "V2' 2' ' V2' 

V8 V3 1 1 1 /, 1 1 1 /, 

'• ~T' T' 2' ~<;^' v2' "^ ' * ~ ' V3' "'^ 

7. C08 3P, Bin44'>, tan9^ cot 16°, 8ec46o, -sec 22*, vers 18*. 



EXAMPLES ON CHAPTER VIII, page 31. 

1. Binl6«=:OOB75« = '^^?^, coBl5«=Bm750 = ^^, 

Z sj a a V ^ 

tan 16« =^^1^ = 2-^3, tan76«=2+V3, Binl06»=8in76S 
sin 1660= sin 16^ C08l050=-cofl76«, cos 165® = r cob 15*. 

2. Bin 360= ooB 640= J ^10 - 2 >/§, coB360=Bin540='5^'t_^, 
tan 360 = J ^10+ 2^6, tan 640 = cot 36o. 

6. *|, If. 7. (i) «}. AV; (ii) AV, -«$. 
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EXAMPLES ON CHAPTER X, page 40. 

1. Bm220 30'=iV2-V2, cos220 30'=J V2 + V2, tan 22© 30'=V2-1. 
sin 1120 30'=oos 220 3(y, cos 112® 30'= - sin 22« 3(y. 

a. tan7iO=V6+V2-V3-2, cot 90=^/5 + 1+^^6 + 2^/5. 

8. sin3»=sin(18<»-160), Bin6»=2sin3»cos30, sin210=sin(18«+30). 

«• 4^» --1^- 1*5- ^ < 450 or > 2250. 

18. The signs are +-, ++, ++, -+, -+, — , ♦ -. 
^/2+V2 



19. - 2 ^^' -{1+V2+W2+V2}. 

EXAMPLES ON CHAPTER XHI, page 58. 

1. 2, 6, h h - 12. 2. 2, 0, 3, 2, - 1, 1. 8. 32. 
4. -2693838, 1-7781613, 31760913, -6074652, -635294, -3714665, 
1-8279869, -19382, 2-732353, 3-8115752. 5. 6. 6. 1, J. 7. 15. 

8. 2-350248, 2-4593926, -4771213, -30103, -845098, 2-807356, 1-747871, 
•7166820. 9. 6414-5, -0064145. 10. 1-6532126. 

EXAMPLES ON CHAPTER XIV, page 61. 

I. 1-1355890, 136-6486. 2. 2-2259904, -001682653. 

8. 3*1234400. 4. 22-33292. 6. 46016*78. 6. 1*628895. 

7. 2*441406. 8. 22-98439. 9. 8*466369. 10. -4409239. 

II. 2-154435. 12. 2*425806. 16. 9*5407836, 9*5406301. 
16. 9*7970899. 17. 9*8993212. 18. 320 0' 3". 

19. 9*7826149, 9-7827428, 3P 12' 22". 

ao. £ sin 300=9*69897, £ cos 30»= 9*9375307, 9-6990575, 9*9375015, 
9-761556, 10-238444, 10*10624985, 10-3009425. 
91. 9-9376764. 

EXAMPLES ON CHAPTER XV, pages 68—70. 

1. ^=45», B= 450, c= 90^/2. 2. u4=3.00, B=:60o, c=6. 

8. -4=300, J5=600, h=7y/S. 4. B=300, 6=5V3, c=10V3. 

7-2 
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5. B = 60^ a=6, 6=6V3. 6. BinB=f 6=4, c=^5. 

8. 160 ft. , 76 ft. 9. 1436-8 yards, 1887-6 yards nearly. 

"^^^ 14 ' 14 ' ^ v***"! «"-» ^2g. ""-" ^jg- 

la. c = 10V3, A = 90<>,* B = 80^ 14. No, it is right-angled. 

16. cot ^ = tan —i — = — r tan -^ , this determines the angles : 

also c=a cos £ + &coSil. 

ft A 
16. a=«~- oot^r ; 6 and c are known since & + c=2«~a, bcmnA=2S ; 

BinB=-Binii, B + C=180»-il. 
a 

„ 7 11 1 V15 „ 13 16>^ 

"• 8' 16* ""4' 6 • "• 14* 4 • 

19. 136», 300, 16». 20. __!_, V|l. 

21. c - 7 -6168, A = 220 45' 12", p = 67® 13' 48". 

22. 73-202. 23. 410 17' 8". 24. 1836078. 
25. 700. 26. 1173*29. 27. 22*41479. 

28. 6=28*866, c= 34*4261. 29. 5 =1070 27' 34", C= 180 32' 26". 

30. u4 = 72012'69", J?=470 47'l". 

31. .4 =680^5' 7", 5=370 14' 63". 

32. A = 660 2' 12", B = 68O 67' 48", log c = 1*0669031. 

83. 5=7000'57", C=69069'3", or jB=109069'3", C=:2000'67". 

84. ii = 720 4' 48", B = 41© 66' 12", 6 = 17*6696 ; 
or i4=1070 66'12", B=60 6'48", 6=2*790637. 

86. (i) 5=600, c=900, 6=125V3; (ii) B=111019', C=380 41', 
6=372-602; orB=80 41', C=1410 19', 6=61-664. 

86. 22? 87' 11", 670 22' 49", 900. 87. 630 30' 58". 

88. 730 23' 64". 89. 410 24' 36". 40. 23046' 27". 



EXAMPLES ON CHAPTER XVI, page 77. 

•K_ 8t 601t 12531y rr 11^ y^ 

12' 4* 8000' 20000 ' 80000' 180' 600* . 

2. 860, 8000^ 67017'44"*8, 690 21'66"-2, I80. 

3. It. ^'^ f » S' I^* ^' 230 62' 14" nearly. 
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7. 00, wF.^. s. w^+ieoo' id^+ieoo' wr+iboo' 

9. 12. 10. ^, y, 14. 17. 820, 88| mikf an hour. 

IS. 84/^^. 19. 6l^\. 

20. 880 sq. ft., 470| onbio feet. 21. 8} inchei. 

22. 18 ft. 9 in. 24. IH miles. 20. 69«18'. 

20. lOSOyardf. 2T. 1882f. 28. 154 yards. 

29. lAywds. 80. 6*40' 12". 84. (y^^")^- 

80. (VB-^)^- »•• Wp *t*- 27. H of an inch. 



EXAMPLES ON CHAPTER XVII, page 81. 

1. (4n±l)J, (8ii*r) J, (2n+l)^, (8»±l)j. (8ii±l) J, (6»*l)g. 

2. {8ii+(-ir}j, nr-(-l)»g, (4«+l)^, (4«-l)^, «r-<-l)»'^, 
Un+(-l)»Jj. 

8. (8iiAl)g, (12»i0)g, n»,(2n+l)J, (24n*l)j^- , (8»A8)j. 

4. (4n+l)^, (4n+8)j, (8n+l)|, (8ii-l) J. (1211+5) j[^, (12ii-l)^. 
7. 8«, 15*. 89», 5P, 76«, 87*. 8. 90«, 115*, 126*, 145», 155*, 176^. 

9. 189«, 226«, 261*. 10. nr^J. U. (8fi+l)^i^. 

19. $mnr, or 2nw^^, 18. nr, or a, where oot a=:^^-^ • 

o « 

14. ^, or(2»+l)«r±|. 18. 6^«(2ii+l)«r, or(2n+l)^. 



10. (2»+l)^. 17. "^. 


18. ww+Tf or 


19. ^s(4n^l)|, orcot^==|. 


20. 2Ji>/5. 


21. ^«2f«r, or(2»+l)^. 


92. 2»«rife|' 
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28. (4n-l)J, or (4n+l)^. 84. nr, or (ifi+l)!". 



IT 



25. .(3ftJ=l)g. 26. 2nT+^. 

27. tan X = I, or cos X = I, whence x = nr + tan"^ f , or 2itT Ji oos'^}. 



EXAMPLES ON CHAPTER XVHI, page 87. 

1 1 



3. 3(y>. 5. :thf*^ 



^^* Vieoooi ' V^booi * 

V2€ 



6. taji-^y/2. 7. 170-28 feet nearly. 8. 

(cot'tt + ootV - 2 cot^YJi 

9. 40v'2(V3-l). 11. I tan 2a. 12. c sin 2a. 13. 60,70-71. 

j4 8inaBin/3 ^ amp ^ ^^^ 

{sin(a+i3)Bin(a-/5)(*' {8in(a+/S)Bin(o-/3)}* 

16. 80 yards, 36 yards. 17. 1954-7. 18. 83*23129 feet. 

22. 1034*13 feet. 23. 200(>/3~l), or 146*4 feet. 

21. 50V2 sin 540, or 114-41 feet. 26. 18 miles. 

26. 66} feet. 27. 9 miles. 28. 88 ft. 2 in. 

29. 2f^ 33' nearly ; 2ii}| of a mile. 30. 3020 miles nearly. 



MISCELLANEOUS EXAMPLES. 

1. 70ff, 63VV, 46ff . 

2. 2 sin 30® - tan 17<> cot 11^ + sec 34o, or sec 84®. 

6. 1-9739625. 7. ^ P*. 8. x»+y«=a«+6«. 

9. fiT, or(2n+l)|. 11. 27«82'26-, ^|?|^. 

12. 2<» 5' 64-r nearly. 18. l.or}. 15. g^. ??|±? 

17. x«+y«=2a2. 19. Hr^a. 21. ?^ , |. ^. 

22. 262 ft. 6 in. . 29. (811 ± 1) ~ . 31, 48«, 60», 72». 

o 
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32. 360,1440. 36. 1*991226, -544068. 

30. (6fiJrl)^, or(2n+l)«'. 41. 18^ 72<^. 4S. 1 mile per minate. 
m^'\-n^ ^^ 1^1 1^1 

43. y\ 48. - + -ass — + -. 

(wi*-12m«na+n<)* a h m n 

IT 

49. iiT, or (4ndb 1) j . 01. ^ of the onit of drcular measurement. 

61. 10®. 62. %. 69. (4n+l)7. 

71. 45«, 68», 72», 60«, 70«, 80», ^, g, ^. 

73, (x-2)r».(4-»-)r», 78. ^t^^ . 79. (611+1)5. 

80. 6. 81. 1280. 82. V^ - *- : dV8* 

89. — -= — T, -J-, or-^. 90. 8960 miles nearly. 

12 
91. — , 96. *54. 98. y^mx, 100. 4050 miles nearly. 

102. -^rj-. 103. !•* ^ 



24' *"'" ^2n(w+l)* 2n» + 2n+l* 

109. 8(Vd + l)feet. 111. 10. 112. 289520 miles. 

115. 90<>, 300, 60«, V86. uj. ^|^- 117. '|-'Bin2ii8in2J5siQ2C. 



APPENDIX. 

CAMBRIDGE UNIVERSITy PREVIOUS EXAMINA- 
TION PAPERS. 

December 10, 1879. 1— 3J p.m. A. 

1. Define 1^ Asstuning that ^ is the drcnlar measnre of two right 
angles, express the angle A^ in drcnlar measure. 

Find the nmnber of degrees in the angle whose circnlar measure is *1. 

2. Define the sine, secant, and cotangent of an angle, and express any 
two of these ratios in terms of the third. 

Find the trigonometrical ratios of the angle whose cosine is |. 

3. Prove that 

(1) cos(180»+.4)=cos(180»-^), 

(2) tan (90<>+^)=:cot (1800 -ii). 

4. Express the cosine of the difference of two angles in terms of the 
sines and cosines of these angles. 

Prove that 

tan~i« + tan~^ = tan~^ f ^ . 

6, Prove the formula : 

(1) oosap+co8y=2cos— ~ COS— ^. 

(2) sin5 + cos;r=a dt/^l + sinoj. 

X 3x 

(3) 8ina;(2cosx-l)=2sin^cos-^. 

6. Trace the changes in sign and magnitude of 

2 sin ^- sin 2^ . , . a* o 

rt--.- ^ . . ft ->>i as e changes from to 2w. 

7. Express the cosine of any angle of a triangle in terms of the sides. 
If the angle opposite the side a be 60<^, and if 6, c be the remaining sides of 
the triangle, prove that 

(a+6 + c)(6 + c-a)=:36c. 
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8. Solve a triangle, haying given the three sides. 

Given -4=36®, J5=72«, and a=l, 

solve the triangle. 

9. The sides of a triangle are 2, 3, 4 ; find the least angle, having given 

log 2= -30103, 

log 3= -4771213, 
L tan 140 28^=9-4116146, 
L tan 14<^29'= 9-4121366. 

December 10, 1879. 1—3^ p.m. B. 

1. Explain what is meant by the drcolar measure of an angle. Assum- 
ing ^ to be the circular measure of two right angles, express in degrees the 
angle whose circular measure is $, 

Find the number of degrees in the angle whose dreular measure is \, 

2. Define the cosine, cosecant, and tangent of an angle, and express any 
two of these ratios in terms of the third. 

Find all the trigonometrical ratios of the angle whose sine is {. 

3. Prove that 

(1) sin(180<»-u4)=8in^, 

(2) cot(90»+-4)=tan(180*-ii). 

4. Express the cosine of the sum of two angles in terms of the sines and 
cosines of these angles. 

Prove that 

tan~^af - tan"^ = ,— ^- , 

5. Prove the formulae : 

(1) cos3r-cosx=2sm— ^sin— —-. 



(2) sin|-cosf=±^l-si 



smx. 



(3) »nar(2cos«+l)=2coBf sin^. 



2 



6. Trace the changes in sign and magnitude of 




sin^+2san^ 

^ , as changes from to 2*-. 
Bin^-2sin^ 

7. Prove that in any triangle the sides are proportional to the sines of 
the opposite angles. 

If (Binil + 8in£+sinC7)(suiii-f-sinB-sinC)=8sinilsinB, 
then C=60<>. 
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8. Solve a triangle, haying given two angles and a side. 
Given ui=18«, B=144o, and 6=1, 

solve the triangle. 

9. The sides of a triangle are 2, 8, 4; find the greatest angle, having 
given 

log 2= -soioa, 

log 3= -4771218, 
L tan 529 16' =10-1111004, 
L tan 52« 14'= 10-1108396. 

June 11, 1880. 1—3^ p.m. A. 

1. Give the trigonometrical definition of an angle. 

What angle does the minnte hand of a clock describe between 12 o'clock 
and 20 minntes to 4 ? 

2. Define the sine of an angle, and trace the change in the value of the 
sine as the angle increases from 90^ to 270<*. 

8. Express the cosine and tangent of an angle in terms of the une. 

The angle A is greater than 90* but less than l&O^, and sinii=i; find 
COB A. 

4. Find sin 60<^ and tan 1360. 

6. Prove geometrically 

wi{A-B) = aJiAcoaB-QOBAemB, 
A and B being positive angles less than 90^. 

Shew that 

/■ix X 1 1 , -Dx tan^+tanB 

(1) tan(^.fg)= ^_^^^^ . 

(2) Bm!U^=^^. 
^ ' l+tan*i4 

6. Shew that, if -4 + B+ C=1800, 

sin 2ii + sin 2^+ sin 2(7=4 sin^i sinB sin C 

7. Find an expression for all the v^ues of $ foi wluch 

cos 9 + cos 29=0. 

8. Shew that in a triangle the sides are proportional to the sines of the 
opposite angles. 

If in a triangle acoBAssheosB, the triangle will be either isosceles or 
right-angled. 
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9. If two sides of a triangle be given, and the angle opposite to the 
shorter side, shew how to find the other side and the other angles. 

Example : the sides are 1 foot and V^ f^^t respectively, and the angle 
opposite to the shorter side is 80^. 



June 11, 1880. 1— 3J p.m. B. 

1. Distingnish between Enolid's definition of an angle and the trigone* 
metrical definition. 

What angle does the minute hand of a dock describe between half -past 
four and a quarter past six? 

2. Define the cosine of an angle, and trace the change in the value of 
the cosine as the angle increases from 180^ to 360^. 

3. Express the sine and the cosine of an angle in terms of the tangent. 

The angle A is greater than 180^ but less than 270^, and i8JiA = i; find 
mnA, 

4. Find cosdO<^ and cotld5^ 

5. Prove geometrically 

cos(^-£)=coSilcosB + sinil sinj?, 
A and B being both positive angles less than 90<^. 

Shew that 

i-ix 4. tA T>\ tanil-tan5 

(1) t>°U-g)° i+tan^t»ni? ' 

(2) an2A=,^^. 

6. Shew that, if A + B+C=W, 

sin 2il + sin 2B + sin 2C7s4 cos ii cos B cos 6\ 

7. Find an eipression for all the values of for which 

Bin0+Bin2^=O. 

8. Elpress the cosine of an angle of a triangle in terms of the sides. 
If in a triangle & cos^ =a cosB, shew that the triangle is isosceles. 

9. If two sides of a triangle be given, and the angle opposite to one of 
them, shew how to find the other side and the other angles. 

Example : the sides are 1 foot and V2 feet respectively, and the angle 
opposite to the shorter side is 80^. 
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June 10, 1881. 1— 3J p.m. A. 

1. Explain the measurement of angles by grades, <feo. 

Which is greater, 76* or the angle whose drcnlar measure is 1*2 ? 

2. Define the sine, tangent, and secant of an angle, and prove from the 
definitions that tan A=viaABWiA, 

Having given seoil — 1}, find sin^ and tan^l. 

8. Shew that when A is greater than B, and both are acute angles, 

sin (A—B) = %mA cos J? - qobA sinB. 
Also shew that 

Bm-4 + sm5=2 sm— ^ — cos — ^ — • 

sin< ^ - sin* B=sin (il + JB) cos (^ - B). 

4. 'Determine geometrically cos 30^ and cos 45^. 

If sin ^ be the arithmetic mean between sinB and cosB, 

cos2^=cos3(fi+45<>). 

5. Establish the following relations : 

(1) tanaii-sin«ii=tan«i4sinM. 

(2) oot^ - cot 2A = oosec 2A . 

,o. sin{aj+8y) + sin(3a:+y) . / . % 
(8) — . o' . — =-ii — ^=2cos(«+y). 

6. Shew that for certain values of the angles 

2 sin ^= ^1 + sin^ - Jl-BiaA. 

Is the formula true when A =:240<^ ; if not how must it be modified? 

7. In any triangle the sides are proportional to the sines of the angles 
opposite to them. 

8. Having given two angles of a triangle and one of the sides, shew how 
to find the other sides and the area of the triangle. 

One side of a triangular lawn is 102 feet long, its inclinations to the 
other sides being 70^ 80', 78<^ lO' respectively ; determine the other sides and 
area. 

L sin 700 30'=9-974, L sin 78* 10'=9-990, L sin 81o 20'=9-716. 

log 102=2*009, log 185=2-267, log 192=2-288, 

log 2 = -801, log 9284 = 8*965. 

June 10, 1881. 1— 3J p.m. B. 

1. Explain the measurement of angles by degrees, <fec. 

Which is greater, 126<^ or the angle whose circular measure is 2*3 ? 



APPENDIX. 109 

2. Define the cosine, cotangent and cosecant of an angle; and from the 
definitions prove that ootABscoBA cosec A, 

Having given cot^l =!, determine cob A and cosec A, 

8. Shew that when A is greater than B and both are acute angles 

cos (A - B)'BOOB A OOB B +Biii A mn B, 
Also shew that 

cos B - COS A —2 sin — „— sm — ^— • 

cos^ B •- cos^ A = sin {A + B) sin (A-B). 

4. Determine geometrically tan 80^ and sin i5^. 

If sin P be the geometric mean between sin^l and cob A, 

cos 22? s 2 cos* {A + 45<>). 

5. Establish the following relations : 

(1) cot' A - cos3 Asooi^A cos* A. 

(2) tan .1+ cot 2il a cosec 2^. 

._. COB {x- By)- COB {Sx-^y) „ . , . 

(8) -- ' . „' . 1 ■^'«2sin(«-y). 

^ ' 8in2ic + sin2y ^ '' 

6. Shew that for certain values of the angles 

2 cos ^^y/l + BinA + s/l - sin A. 

Is the formula true when A = 800<^ ; if not how must it be modified ? 

7. Prove that in any triangle a* = 6* + c* - 26c cos ii . 

8. Having given two sides of a triangle and the included angle, shew 
how to solve the triangle and find its area. 

The sides of a triangular lawn are 102, 185 and 192 feet in length, the 
smallest angle being approximately 81^ 2(y, find its other angles and its area, 

log 102=2-009, log 186 = 2-267. log 192=2-288, log 2 =-801, 
log 9284=8-966, Lsin8P20'=9-716, L sin 70^80' =9*974, L sin 78^0" » 9 '990. 



EXAMINATION FOR ADMISSION TO THE ROYAL 
MILITARY ACADEMY, WOOLWICH (Obligatoet). 

Jvms 25, 1881. 10—1. 

1. Assuming that the ratio of the circumference of a circle to the dia- 
meter is 8-14166, find to four places of decimals the value in degrees of the 
ordinary unit of circular measure. 

If the radius of a circle is 4000 miles, determine the number of miles in 

an arc which subtends an angle at its centre whose circular measure is ^ . 
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2. Give a definition of the sine of an angle which will apply to angles of 
any magnitude. Carefully prove that whatever be the magnitude of A^ 

sin(90®+-4)=co8il, and cos(90*+:4)= -sin-i. 

3. If A and B be each less than 90^, but their sum greater, draw the 
appropriate figure, and give a geometrical proof that 

cos (A +B) =:COB il cos B - sin il sin B. 
Deduce the expression for sin (^ +JB) and shew that 

cos 4il = 8 coB^ A^% cos' A-\-l. 

4. Prove that 

.,. . . sin -4 + sin 2-4 

(1) tani!i==- -r-, tTa* 

^ ' l + co8il+cos2i4 

... COS(i4+45<^) o^ X n^ 

(2) Ta — Tio-v = Beo24-tana4. 

^ ' COS (-4 -46'') 

(3) oot-i } = cot-i 3 + cot-i f. 

5. Find sin IB^fi, sin 225^ sin 15^ sin 37° 30' without reducing quadratic 
surds. 

6. Obtain an expression for all the angles whose cosine is equal to a 
given value. 

If 3 cos' ^+ 2 V3 cos ^=6}, find the general value of 0. 
Explain why it is that exactly the same series of angles are given by the 
two equations : 

^+^=nT+(-l)»^; and^-j=2nT±|. 

7. Find expressions for the radii of the inscribed and escribed circles of 
a triangle, each expression involving one side and functions of the halves of 
the angles of the triangle. 

If r, r^, r,, r^ be the radii, and a, 5, c the sides, prove that 

a 6 fg 

8. Shew that in any triangle 

^^«^=— 2^6-- 
Obtain an expression for the area in terms of the sides, and if the lengths 
Of the sides be 242,1212, and 1450 yards, shew that the area is 6 acres. 

9. Assuming the formula 

logsin(^+fc) -logsin0=Ai^cot0-^cosec'0; 

where h is the circular measure of a small angle, and /u the modulus of the. 
logarithms, and powers of h above the second are neglected : explain when 
the principle of proportional parts will fail in its application to tables of 
logarithms of sines. 
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If L sin lo^SCy be 9'426899 and the difference for 1' be -000455, find ac- 
curately L sin 15® 30' 36" and the angle whose tabular logarithmic cosine is 
equal to 9*427263. 

Given log^o 2= -301030 and logjo 3 =-477121, find logi,>3 ^V- 

10. If in any triangle h, c, A be given, prove that 

tanJ(B-C')=^oot^: 
^^ ' h+c 2 

hence obtain the formula tani(B-C)=:tan^0cot-^ , and, explain the ad- 
vantage of such a formula. 

If 6 : c :: 11 : 10, and A =35^ 25', apply the above to find B and C, having 
given log 1-1 = -041393, 

L cos 240 37# i2"=9-958607 : L tan 12^ 18' 36"=9-338891, 
L cot 17M2' 30" =10-4958 : L tan 8® 28' 56 -5" =9 -173582. 

11. From a house on one side of a street observations are made of the 
angle subtended by the height of the opposite house : first from the level of 
the street, in which case the angle is tan~^(3); and afterwards from two 
windows one above the other, from each of which the angle is found to be 
tan~^ ( - 3). The height of the house opx>osite being 60 feet, find the height 
of each of the two windows above the street. 



EXAMINATION FOR ADMISSION TO THE ROYAL 
MILITARY ACADEMY, WOOLWICH (Obligatory). 

Fov&mher 26, 1881. iO— 1. 

1. Define the ''circular measure" of an angle, and shew that, if with 

centre any circle be described, cutting the bounding lines of an angle BOC 

arc BO 
in the points P, Q, the circular measure of the angle will be equal to ^p . 

Find the number of seconds in the angle subtended at the centre of a 
circle, whose radius is one mile, by an arc 5j( inches long. 

2. Give accurate definitions of the sine and cosine of an angle, and prove 

that 

C08i4=sin(90<»+i4)= -cos(180<>+i4). 

Shew that the sine will be algebraically less than the cosine for any angle 
between (Sn- 3) 45® and (8w+l) 45®, where n is zero or any positive integer. 

3. Find, geometrically, expressions for the sine and cosine of the sum of 
two angles in te^s of the sines and cosines of the angles themselves. 

The cosines of two angles of a triangle are \ and ^ respectively. Find 
all the trigonometrical ratios of the third angle. 
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4. Express sin A and cos A in terms of tan ^ . 
Prove that tan /^460- ^^ +tan ^460+ ^^ =2 seoii. 

5. Find the sine of 18^, and deduce the sine of 86<^. 

Two parallel chords o£ a circle, lying on the same side of the centre, 
subtend respectively 729 and 144<^ at the centre. Shew that the distance 
between the chords is half the radius of the circle. 

6. Find all the angles which satisfy the equation 2 sin 2^=3 tan $. 

7. Prove that : 

(1) sec« ^ - tan« ^a 1 + 3 tan^ seca^. 

(2) vers(2700+i4).vers(2700-.l)=cos*i4. 

.. Binil + 2sin3^ + 8in5il _4sin J^-ScoseOi^ 
^' cosil - 2 cos 3il + C0S 5A 4 cos ^1 - 3 sec ^1 

8. Given log 2 = -30108, log 3 = '4771213, find L sin 450, L sec 30^. Also 
if L sin 15<^= 9*4129962, what will be the value of L cos 150 ? 

9. Prove that in any triangle 

sin-4_sinJ5__sin C 
a "^ b "^ e ' 
If the angles adjacent to the base of a triangle are 22 i<^ and 112}^, shew 
that the perpendicular altitude will be one-half the base. 

10. Find an expression for the radius of the circle which touches one 
side of a triangle and the other two produced. 

Shew that the sum of the radii of the two escribed circles of a triangle, 
which touch the side c produced, is equal to c cot ^ . 

11. Shew how to solve a triangle by means of logarithms when the three 
sides are given. 

Find the least angle of the triangle whose sides are 24, 22, 14, having 
given L tan 17^ 33' =9 -600042, difl. for 1'= -000439. 

12. A man walMng along a straight road, which runs in a direction 30^ 
East of North, notes when he is due South of a certain house. When he 
has walked a mile further, he observes that the house lies due West, and 
that a windmill on the opposite side of the road is N.E. of him. Three miles 
further on, he finds that he is due North of the windmill. Find the distance 
between the house and the windmill, and shew that the line joining them 

makes with the road an angle tan-^ ( , , ^ j . 

cambbidob: pbimted bt o. j. clat, u.a. at thb univebsity fsess. 
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Herodotus. By Bev. J. W. Blakesley, B.D. 2 vols. 32«. 

Hesiod. By F. A. Paley, M.A. 10s. 6d. 

Horace. By Bev. A. J. Macleane, M.A. 18«. 

Juvenal and Persius. By Bev. A. J. Macleane, M.A. 12i. 

Plato. By W. H. Thompson, D.D. 2 vols. Is. 6d. each. 

Sophocles. Vol. I. By Bev. F. H. Blaydes, M.A. 18«. 

Vol. n. Philoctetes. Electra. Ajax and TrachinisB. By F. A. 

. Paley, M.A. 12s. 

Tacitus : The Annals. By the Bev. P. Frost, lbs. 

Terence. By E. St. J. Parry, M.A. 18s. 

VirgiL By J. Conington, M.A. 3 vols. 14s. each. 

An Atlas of Classical Geography; Twenty-four Maps. By W. 
Hughos and George Long, M.A. New edition, with oolonred outlines. 
Imperial Syo. 12s. 6d. 

Uniform with above. 
A Complete Latin Grammar. By J. W. Donaldson, D.D. 3rd 

Edition, lis. 

GRAMMAR-SCHOOL CLASSICS. 

A Series of Greek and Latin Authors, with English Notes. Fcap. Qvo. 

CsBsar : De Bello Galileo. By George Long, M.A. 5s. Qd. 

Books L~in. For Junior Classes. By G.Long,M.A. 2s. 6d. 

Catullus, Tibullus, and Propertius. Selected Poems. With Life. 
By Bey. A. H. Wratislaw. 3s. 6d, 
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Cicero: De Senectate, De Amicitla, and Select Epistles. By 
GeoTge liong, M.A. U. 6d, 

Cornelius Nepos. By Bev. J. F. Macmichael. 2s. M. 

Homer : Hiad. Books I.-Xn. By F. A. Paley, M.A. 6s. M, 

Horace. With Life. By A. J. Macleane, M.A. 6s. 6d, [In 
2 parts. 38. 6d. each.] 

Juvenal : Sixteen Satires. By H. Prior, M.A. 4s. 6<2. 

ICartlal: Select Epigrams. With Life. ByF. A.Paley, MJl. 6s.6<2. 

Grid : the Fasti. By F. A. Paley, M.A. 5s. 

Sallust : Catilina and Jngnrtha: With Life. By G. Long, M.A. 5s. 

Tacitus : Germania and Agricola. By Bev. P. Frost.* 8s. 6^. 

Virgil: Bucolics, Georgics, and £neid. Books I.-IV. Abridged 
from Professor Conin^on's Edition. 5-«. 6d. — ^neid. Books V.-XII. 5». 6d. 
Also in 9 separate Tolnmes, 1«. 6d. each. 

Xenophon: The Anabasis. With Life. ByBev. J. F. Macmichael. 5s. 
Also in 4 seimrate volumes, Is. 6d. each. 

■- The CyropaBdia. ]By G. M. Gorham, M.A. 6s. 

Memorabilia. By Percival Frost, M.A. 4s. 6(f. 

A Grammar-School Atlas of Classical Geography, containing 

Ten selected Maps. Imperial 8vo. 5a. 

Uniform with the Series, 

The New Testament, in Greek. With English Notes, &c. By 
Rer. J. F. HacmichaeL 7h. Cd. 



CAMBRIDGE GREEK AND LATIN TEXTS. 

iEsohylus. By F. A. Paley, M.A. 3s. 

Csasar: De Bello Gallico. By G. Long, M. A. 2s. 

Cicero : De Seneotute et de Amicitia, et EpistolsB Selectsa. By 

G. Lon^* M.A. U. 6d. 
Cloeronis Oratlones. Vol. I. (in Yerrem.) ByG. Long, M.A. Ss.dd, 
Euripides. By F. A. Paley, M.A. 3 vols. 3s. 6(2. each. 
Herodotus. By J. G. Blakesley, B.D. 2 vols. 7s. 
Homer! Ilias. I.-XII. By F. A. Paley, M.A. 2s. Gd. 
Horatius. By A. J. Macleane, M.A. 2s. 6d, 
JuvensLl et Persius. By A. J. Macleane, M.A. Is. 6d. 
Lucretius. By H. A. J. Monro, M.A. 2s. 6(2. 
Sallusti Crisp! Catilina et Jugurtha. By G. Long, M.A. Is. 6(2. 
Sophocles. By F. A. Paley, M.A. [In the press. 

Terenti ComcedisB. By W. Wagner, Ph.D. 3s. 
Thucydides. By J. G. Donaldson, D.D. 2 vols. 7s. 
Virgillus. By J. Conington, M.A. 3s. 6(2. 
Xenophontis Ezpeditio CyrL By J. F. Macmichael, B.A. 2s. 6<2. 

Novum Testamentum Grsecum. By F. H. Scrivener, M.A. 
4s. 6d. An edition xvith wide margin for not^s, half bound, 12s. 
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CAMBRIDGE TEXTS WITH NOTES. 

A Selection of the most usually read of the Greek and Latin Autliorst 
Annotated for Schools, Fcap,'Svo. Is, 6(f. each.^ with exceptions. 

Euripides. Alcestis. — Medea. — Hippolytus. — Hecuba. — Bacchae. 
Ion. 28. — Orestes. — Phoenissae. — Troades. By F. A. Paley, M.A. 

iEsohylus. Prometheus Yinctus. — Septem contra Thebas. — ^Aga- 
memnon. — PersoB. — Eumenides. By F. A. Paley, M.A. 

Sophocles. CEdipus Tyrannus. — (Edipus Coloneus. — Antigone. 
By F. A. Paley, M.A. 

Homer. Iliad. Book I. By F. A. Paley, M.A. Is. 

Cicero's De Senectute — ^De Amicitia and EpistolsB Selectas. By 
G. Long, M.A. 

OtIcL. BelectiOns. By A. J. Macleane, M.A. 

Others in preparation. 

PUBLIC SCHOOL SERIES. 

A Series ofCktssical Texts, annotated hy loell-knoian Scholars. Cr. Svo, 
Aristophanes. The Peace. By F. A. Paley, M.A. 4s. 6d, 

The Achamians. By F. A. Paley, M.A. 4s. 6d. 

The Frogs. By F. A. Paley, M.A. As. Qd. 

Oloero. The Letters to Atticus. Bk. I. By A.Pretor, M.A. 4s. 6(2. 
Demosthenes de Falsa Legatione. By B. Shilleto, M.A. 6.<?. 
The Law of Leptinea By B. \V. Beatson, M.A. 3s. 6(/. 

Plato. The Apology of Socrates and Crito. By W. Wagner, Pli.D. 
eth Edition. 4s. 6d. 

The PhaBdo. 6th Edition. By W. Wagner, Ph.D. 58. 6t/. 

The Protagoras. 3rd Edition. By W. Wayte, M.A. 4s. 6<f. 

The Euthyphro. 2nd edition. By G. H. Wells. 3s. 

The Euthydemus. By G. H. Wells. 4s. 

The Eepublic. By G. H. Wells. [Preparing. 

Plautus. The Aulularia. By W.Wagner, Ph.D. 2nd edition. 4s.6rf. 

Trinummus. By W. Wagner, Ph.D. 2nd edition. 4s. 6d. 

The Menaechmei. By W. Wagner, Ph.D. 4s. 6d. 

Sophcclis TraohinisB. By A. Pretor, M.A. 4s. 6(2. 
Terence. By W. Wagner, Ph.D. 10s. 6(2. 
Theocritas. By F. A. Paley, M.A. 4s. 6(2. 

Others in preparation. 

CRITICAL AND ANNOTATED EDITIONS. 

iBtna. By H. A. J. Munro, M.A. Ss. 6(2. 

Aristophanis ComoediaB. By H. A. Holden, LL.D. Svo. 2 vols. 

238. 6d. Plays sold separately. 

Pax. By F. A. Paley, M.A, Fcap. Svo. 4s. 6(2. 

Catullus. By H. A. J. Munro, M.A. 7s. 6(2. 

Ck>rpii8 Poetaruzn Catinorum. Edited hy Walker. 1vol. Svo. 18s. 

Horace. Quinti Horatii Flacci Opera. By H. A. J. Mmiro, M.A. 
Laige 8ro. 11. la. 

liivy. The first five Books. By J. Prendeville. 12mo. roan, 5s. 

Or Books I..nL Ss. 6d. lY. and Y. Ss. 6d. 
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REFERENCE VOLUMES. 

A Latin Grammar. By Albert Harkness. Post 8vo. Gs. 

By T.H.Key, M.A. 6th Thousand. Post 8vo. 8*. 

A Short Latin Grammar for Schools. By T. H. Key, M.A.» 

7.B.S. nth Bdition. PostSvo. Ss. 6d. 

A Guide to the Choice of Classical Books. By J. B. Mayor, M.A. 

Revised Editioii. Crown Svo. Ss. 

The Theatre of the Greeks. By J. W. Donaldson, D.D. 8th 

Edition. Post 8vo. 5s. 

Keightley's Mythology of Greece £Uid Italy. 4th Edition. 5^^ 

A Dictionary of Latin and Greek Quotations. By H. T.'Biley. 
Post 8to. 58. With Index Yerbomm, ^. 

A History of Boman Literature. By W. S. Teuffel, Professor at 

the Uniyersity of TObingen. By W. Wagner, Ph.D. 2 vols. Demy Svo. 2l8. 

Student's Guide to the UniYersity of Cambridge. 4th Edition 
revised. Fcap. Svo. Part 1, 2*. 6cl. ; Parts 2 to 6, Is. each. 



CLASSICAL TABLES. 

Latin Accidence. By the Bey. P. Frost, M.A. Is. 

Latin Versification. Is, 

Notabilla Qussdam; or the Principal Tenses of most of the 
Irregular Greek Verbs and Elementary Greek, Latin, and French Ck>n« 
struotion. New edition. Is. 

Richmond Hules for the Ovidlan Distich, &q. By J. Tate, 

M.A. Is. 

The Principles of Latin Syntax. 1$, 

Greek Verbs. A Catalogue of Verbs, Irregular and Defective ; their 
leading formations, tensee, and inflexions, with Paradigms for oonjngation> 
Bules for formation of tenses, im. &xi. By J. S. Baird, T.G.D. 2s. 6d. 

Greek Accents (Notes on). By A. Barry, D.D. New Edition. Is, 

Homeric Dialect. Its Leading Forms and Peculiarities. By J. S. 
Baird, T.O.D. New edition, by W. G. Rutherford. Is. 

Greek Accidence. By the Bev. P. Frost, M.A. New Edition. 1«. 



CAMBRIDGE MATHEMATICAL SERIES. 

Whitworth's Choice and Chance. 3rd Edition. Crown 8yo. 6s. 
McDowell's Exercises on Euclid and in Modem Geometry. 

Srd Edition. 6a. 

Vyvyan's Trigonometry. Sewed. 

Taylor's Geometry of Conies. Elementary. 3rd Edition. 45. (yd. 

Aldis's Solid Geometry. 3rd Edition. 6s. 

Gamett's Elementary Dynamics. 2nd Edition. 6s. 

Heat, an Elementary Treatise. 2nd Edition. 3s. 6(7. 

Walton's Elementary Mechanics (Problems in). 2nd Edition. 69. 
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CAMBRIDGE SCHOOL AND COLLEGE 

TEXT-BOOKS. 

A Series of Elementary Treatises for the use of Students in the 

Universities J Schools^ and Candidates for the Pvhlic 

Examinations* Fcap. Qvo, 

Arithmetio. By Eev. C. Elsee, M.A. Fcap. 8vo. 10th Edit. 3s. ^d. 

Algebra. By the Rev. C. Elsee, M.A. 6th Edit. 4s. 

Arithmetic. By A. Wrigley, M.A. 3s. Qd. 

A Progressive Course of Examples. With Answers. By 

J. Watson, M.A. 5thSdition. 2a. ed. 

Algeora. rrogressive Course of Examples. By Rev. W. F. 
M'Micliiiel,M.A.,aiidR.ProwdeSmitb, M.A. 2nd Edition. Se.Qd. With 
Answers. 4^8. (id. 

Plane Astronomy, An Introduction to. By P. T. Main, 1^1 A. 
4th Edition. 4.i. 

Conic Sections treated Geometrically. By W. H. Besant, M.A. 
4th Edition. 4a. 6d. 

Elementary Conic Sections treated Geometrically. By W. H. 
Besant, ]£.A. lln the Press. 

Statics, Elementary. By Rev. H. Goodwin, D.D. 2nd Edit. Ss, 

Hydrostatics, Elementary. By W. H. Besant, M.A. 10th Edit. 4s. 

Mensuration, An Elementary Treatise on. By B. T. Moore, M.A. Qs. 

Newton's Frinoipia, The First Three Sections of, with an Appen- 
dix ; and the Ninth and Eleventh Sections. Bj J. H. Evans, M.A. 5th 
Edition, bj P. T. Main, M.A. 48. 

Trigonometry, Elementary. By T. P. Hudson, M.A. 35. 6d. 

Optics, Geometrical. With Answers. By W. S. Aldis, M.A. 3s. 6(f. 

Analytical Geometry for Schools. By T. G.Vyvyan. 3rd Edit. 4s. Qd. 

Greek Testament, Companion to the. By A. C. Barrett, A.M. 
4th Edition, revieed. Fcap. 8vo. 5c. 

Book of Conmion Prayer, An Historical and Explanatory Treatise 
on the. Bj W. G. Humphry, B.D. 6th Edition. Fcap. 8vo. 48. Gd. 

Muslo, Text-book of. By H. C. Banister. 9th Edit, revised. 5^. 

Concise History of. By Rev. H. G. Bonavia Hunt, B. Mus. 

Ozon. 5th Edition revised. 38. 6d. 



ARITHMETIC AND ALGEBRA. 

See foregoing Series. 



GEOMETRY AND EUCLID. 

Text-Book of Geometry. By T. S. Aldis, M.A. Small 8vo. 

48. 6d. Fart I. 28. 6d. Pai-t II. 28. 

The Slements of Euclid. By H. J. Hose. Fcap. 8vo. 48. Qd. 
Exercises separately, Is. 

The First Six Books, with Commentary by Dr. Lardner. 

lOth Edition. 8ro. 68. 

The First Two Books explained to Beginners. By C. P. 



Mason, B.A. 2nd Edition. Fcap 8vo. 28. 6d. 
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The Enunciations and Figiu'es to Euclidls Slements. By Bev. 
J. Brasso, D.D. New Edition. Fcap.Svo. Is. On Cards, in case, 5s. 6J. 
Without the Figures, 6d. 

exercises on Euclid and in Modem Geometry. By J. McDowell, 
B.A. Crown 8to. 3rd Edition revised. 68. 

Geometrical Conic Sections. By W. H. Besant, M.A. 4th Edit. 

4a. Gd. 

Elementary Geometrical Conic Sections. By W. H. Besant, 

M.A. [In Dte Press. 

Elementary Geometry of Conies. By C. Taylor, M.A. 3rd Edit. 

8vo. As. Gil. 

An Introduction to Ancient and Modem Geometry of Conies. 

By C. Taylor, M.A. 8vo. I5s. 

Solutions of Geometrical Problems, proposed at St. John's 
College from 1830 to IBiG. By T. Gaskin, M.A. 8vo. 12j>. 

TRIGONOMETRY. 

Trigonometry, Introduction to Plane. By Rev. T. G. Yyvyan, 
Charterhouse. Cr. 8vo. Sewed. 

Elementary Trigonometry. By T. P. Hudson, M.A. 3s. 6ti. 
An Elementary Treatise on Mensuration. By B. T. Moore, 

M.A. 5s. 



ANALYTICAL GEOMETRY 
AND DIFFERENTIAL CALCULUS. 

An Introduction to Analytical Plane Geometry. By W. P. 

Tumbnll, M.A. Svo. I2s. 

Problems on the Principles of Plane Co-ordinate Geometry. 

By W. Walton, M.A. Svo. 16s. 
Trilinear Co-ordinates, and Modem Analytical Geometry ox 

Two Dimensions. By W. A. Whitworth, M.A. Sro. 16«. 

An Elementary Treatise on Solid Geometry. By W. S. Aldis, 

M.A. 2nd Edition revised. Svo. 8s, 

Elementary Treatise on the DiJOTerential Calculus. By M. 

O'Brien, M.A. Svo. lOs. 6d. 

Elliptic Functions, Elementary Treatise on. By A. Cayley, M.A. 
Demy Svo. 158. 



MECHANICS & NATURAL PHILOSOPHY. 

Statics, Elementary. By H. Goodwin, D.D. Fcap. 8yo. 2nd 
Edition. 8s. 

Dynamics, A Treatise on Elementary. By W. Garnett, M.A. 
2nd Edition. Crown Svo. 68. 

Elementary Mechanics, Problems in. By AV. Walton, M.A. New 

Edition. Grown Svo. 6s. 

Theoretical Mechanics, Problems in. By W. Walton. 2nd Edit, 
revised and enlarged. Demy Svo. 16s. 
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Hydrostatics. B^'W.H.Besant, M.A. Fcap. 8yo. 10th Edition. 4^, 

Hydromechanics, A Treatise on. By W. H. Bosant, M.A. 8yo. 
New Edition revised. 10s. 6d. 

Dynamics of a Faxticle, A Treatise on the. By W. H. Besant, M.A. 

[Preparing. 

Optics, GeometiicaL By W. S. Aldia, M.A. Fcap. 8vo. 3«. 6d. 

Double Refraction, A Chapter on Fresnel's Theory of. By W. S. 
Aldifi, M.A. 8vo. 28. 

Heat, An Elementary Treatise on. By W. Gamett, H.A. Crown 
870. 2nd Edition roviscd. 3s. 6d. 

Newton's Principia, The First Three Sections of, with an Appen- 
dix ; and the ^inth and Eloventh Sections. By J. H. Evans, M.A. 5th 
Edition. Edited by F. T. Main, M.A. 4t(, 

Astronomy, An Introduction to Plane. By P. T. Main, M.A. 
I*cap. 8vo. cloth, is. 

Astronomy,- Practical and Spherical By B. Main, M. A. 8v6. 14ii. 

Astronomy, Eiemeutaiy Chapters on, from the *A6tronomie 
Physiqne' of Biot. 13y H. Goodwin, D.D. 8vo. Ss. 6d. 

Pure Mathematics and Natiiral Philosophy, A Compendium of 
Facts and Fominlao in. By G. R. Smnllcy. Fcap. 8ro. Ss. 6d. 

EUementary Course of Mathematics. By H. Goodwin, D.D. 
6th Edition. 8yo. IQs. 

Problems and Examples, adapted to the * Elementary Course of 

Mathematics.' Srd Edition. 8vo. 5s. 

Solutions of Goodwin's Collection of Problems and Examples. 
By W. W. Hutt, M.A. Srd Edition, revised and enlargped. 8vo. 9«. 

Pure Mathematics, Elementary Examples in. By J. Taylor. 8yo. 
7s. 6d. 

Mechanics of Construction. With numerous Examples. By 

S. Fenw-ick, F.R.A.S. 8vo. 12«. 

Pure and Applied Calculation, Notes on the Principles of. By 
Rev. J. Challis, M.A Demy 8vo. 15«. 

Physics, The Mathematical Principle of. By Hey. J. Challis, M A. 
Demy 8vo. 5& 



TECHNOLOGICAL HANDBOOKS. 

Edited by H. Trueman Wood, Secretary of the 
Society of Arts, 

1. Dyeing and Tissue Printing. By W. Crookes, F.B.S. 

[la the press. 

2. Iron and SteeL By Prof. A. E. Huntington, of King's College. 

[^Preparing. 

3. Cotton Manufacture. By Bichard Marsden, Esq., of Man- 

chester. IPreparing. 

4. Telegraphs and Telephones. By W. H.. Preece, F.B.S. 

[Pveparing, 

0. Glass Manufacture. By Heniy Chance, M.A. ; H. Powell, B.A. ; 
and John Hopkinson, M.A., LL.D., F.R.S. 
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HISTORY, TOPOGRAPHY, &c. 

Rome and the Campagna. By B. Bum, M.A. With 85 En* 
gravings and 26 Maps and Plans. With Appendix. 4to. 81. Ss. 

Old Home. A Handbook for Travellers. By B. Bom, M.A, 
With Maps and Plans. Demy 8to. lOs. 6J. 

Modem Europe. By Dr. T. H. Dyer. 2ud Edition, roTised and 
continued. 5 toIs. Demy 870. 21. 12s. 6d. 

The History of the Sings of Borne. By Dr. T. H. Dyer. 8vo.lG«. 

The History of Pompeii: its Buildings and Antiqoitieft. By 
T. n. Dyer. 8rd Edition, brought down to 1874. Post 8vo. 75. 6d. 

Anoient Athens : its History, Topography, and Bemains. By 
T. H. Dyer. Supor-royal Svo. Cloth. 11. 5s. 

The Decline of the Roman Republic. By G. Long. 5 vols. 
8ro. 148. eadi. 

A History of England during the Early and Middle Ages. By 
0. H. Pearson, M.A. 3nd Edition revised and enlarged. Svo. Vol. I. 
16s. Vol. n. 148. 

Historical Maps of England. By C. H. Pearson. Folio. 2nd 
Edition reyised. 31s. 6d. 

History of. England, 1800-15. By Harriet Martineau, with new 
and copious Index. 1 vol. 8s. Gd. 

History of the Thirty Years' Peace, 1815-46. By Harriet Mar- 
tineau. 4 vols. 8s. 6d. each. 

A Practical Synopsis of English History. By A. Bowes. 4tb 

Edition. Svo. 2s. 

Student's Text-Book of English and General History. By 
D. Beale. Crown Svo. 2s. 6d. 

Lives of the Queens of England. By A. Strickland. Libraiy 
Edition, 8 vols. 78. Qd. each. Cheaper Edition, 6 vols. 5v<. each. Abridged 
Edition, 1 vol. 68. 6d. 

Eginhard's Life of Earl the Great (Charlemagne). Translated 
with Notes, by W. Glaister, M.A, B.C.L. Crown Svo. 48. 6d. 

Outlines of Indian History. By A. W. Haghcs. Small post 
Svo. - Ss. Qd, 

The Elements of General History. By Prof. Tytlcr. New 
Edition, brought down to 1874. Small i>OBt Svo. Zi. 6J. 

ATLASES. 
An Atlas of Classical Geography. 24 Maps. By W. Hughes 

and Cr. Long, M.A. Kew Edition. Imperial Svo. Vis. 6d. 

A Grammar-School Atlas of Classical Geography. Ten Maps 

selected from the above. New Edition. Imperial Svo. 5s. 

First Classical Maps. By the Bey. J. Tate, M.A. drd Edition. 
Imperial Svo. 7s. 6d. 

Standard Library Atlas of Classical Geography. Imp. 870. Is, 6 J. 
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PHILOLOGY. 

WEBSTER'S DICTIONARY OP THE ENGLISH LAN- 
GUAGE. With Dr. Halm's EtjniologT. 1 vol., 1628 Pages, 8000 Illns. 
t rations. 21«. With Appendices and 70 additional pages of Illnstra 
tions, 1919 Pages, 31s. 6d. 
* The bkstp&acticai*Enolish Diction art xxtant.'— Quarterl'y Bemmo, 1873. 

Prospectnses/witli specimen pages, post free on application. 

New Dlotionary of the English Language. Combining Explan- 
ation with Btymology, and copiously illustrated by Quotations from the 
best Authorities. By Dr. Uiohardson. Now Edition, with a Supplement. 
2 Tols. 4to. 41. 148. 6a.; half russia, 51. 15s. 6d.; nusift, 61. 128. Supplement 
separately. 4to. 12s. 

AnSvo. Edit, without the Quotations, 15s.; half russia, 20s.; russia, 24s. 

Supplementary English Glossary. Containing 12,000 words and 
meanings occurring in English Literature, not found in any other 
Dictionary. By T. L. O. Davios. Demy 8vo. ISs. 

Dictionary of Corrupted Words. By Rev. A. S. Pahner. [in fhe^Yes». 

Brief History of the English Language. By Prof. James Hadley, 
LL.D., Yale College. Fcap. Svo. Is. 

The Elements of the English Language. By E. Adams, Ph.D. 

15th Edition. Post Svo. 48. 6d. 
Philologioal Essays. By T. H. Key, M.A., F.B.S. 8yo. 10«. 6d. 
Language, its Origin and Development By T. H. Key, M.A., 

F.B.S. 8to. 148. 

Synonyms and Antonyms of the English Language. By Arch- 
deooon Smith. 2nd Edition. Post Svo. 5$. 

Synonyms Discriminated. By Archdeacon Smith. DemySvo. 168. 

Bible English. By T. L. O. Davies. 6«. 

The Queen's English. A Manual of Idiom and Usage. By the 
late Dean Alford. 5th Edition. Fcap. Svo. 5s. 

Etymological Glossary of nearly 2600 English Words de- 
rived from the Greek. By the Bev. E. J. Boyce. Fcap. Svo. 3s. 6d. 

A Syriao Gram mar. By G. Phillips, P.D. 3rd Edition, enlarged. 
Svo. 78. 6d. 

A Grammar of the Arabic Language. By Bev. W. J. Beau- 
mont, M.A. 12mo. 7s. 



DIVINITY, MORAL PHILOSOPHY, &c. 

Kovum Testamentum Grssoiun, Textus Stephanici, 1550. By 

F. H. Scrivener, A.M., LL.D. New Edition. 16mo. 48. 6d. Also on 
Writing Paper, with Wide Margin. Half -bound. 128. 

By the same Author, 

Codex BezsB Cantabrlgiensis. 4to. 26^. 

A Full Collation of the Codex Sinaiticus with the Beceived Text 
of the Kew Testament, with Critical Introduction. 2nd Edition, revised. 
Fcap. Svo. 58. 

A Plain Litroduotion to the Criticism of tl;e New Testament. 

With Forty Facsimiles from Ancient Manuscripts. 2nd Edition. Svo. 168. 

Six Leotures on the Text of the New Testament. For English 
Readers. Orown Svo. 6s. 
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The New Testament for English Beaden. By the late H. Alford, 

D.D. VoL I. Part I. Srd Bdit. 12«. Vol. I. Part II. 2nd Edit. 10«.6d. 
Vol. II. Part 1. 2nd Edit. ISs. Vol. II. Part II. 2nd Edit. ISs. 

The Greek Testament. By the late H. Alford, I).D. Vol. I. 6th 

Edit. 11. 8s. YoL II. 6tli Bdit. XL 46. Vol. UI. 5th Edit. I8<. Vol. IT. 
Part I. 4th Edit. IBs. Vol. lY . Part n. 4th Edit. 146. Vol. lY. 11. lib. 

Companion to the Greek Testament By A. C. Barrett, M.A. 

4th Edition, i-evised. Fcap. Sro. 58. 

The Book of Psalms. A New Translation, with Introductions, <S^c. 
By theYeryBey. J. J. SteTx-artPerowne, D.D. 8vo. Yol. I. 4th Edition, 
18s. YoL U. 4th Edit. 168. 

Abridged for Schools. Srd Edition. Crown 8va lOc. 6<2. 



History of the Artioles of Religion. By C. H. Hardwick. Srd 
Edition. Poet 8to. 58. 

History of the Creeds. By J. B. Lnmby, D.D. 2nd Edition. 
Grown 8to. 78. 6d. 

Pearson on the Creed. Carefnlly printed from an early edition. 
With Analjsiii and Index by E. Walford, M.A. PortSTO. 58. 

An Historioal and Explanatory Treatise on the Book of 

Common Prayer. By Bev. W. Qt. Hnmphiy, B.D. 6th Edition, enlarged. 
Small post 8vo. 4s. 6d. 

The New Table of Lessons Explained. By Bev. W. G. Humphry, 

B.D. Fcap. U. 6d. 

A Commentary on the Gospels for the Sundays and other Holy 
Days of tho Christian Year. By Bey. W. Denton, A.M. New Edition. 
Svolfl. 8vo. 518. Sold separately. 

Commentary on the Epistles for the Sundays and other Holy 
Days of the Christian Year. By Bev. W. Denton, A.M. 2 yo\&, 36s. Sold 
separately. 

Commentary on the Aots. By Bev. W. Denton, A.M. Vol. I. 
870. 188. YoLH. 148. 

Notes on the Cateohism. By Bev. A. Barry, D.D. 6th Edit. 
Fcap. 28. 

Catechetical Hints and Helps. By Bey. E. J. Boyoe, M.A. 4th 
Edition, revised. Fcap. 28. 6d. 

Examination Papers on Religious Instruction. By Bev. E.*J. 
Boyce. Sewed. Is. 6d. 

Church Teaching for the Church's Children. An Exposition 
of the Catechism. By the Bev. F. W. Harper. Sq. fcap. 28. 

The Winton Church Catechist Questions and Answers on tho 
Teaching of the Chnrch Catechism. By the late Bev. J. S. B. Monsell, 
LL.D. Srd Edition. Cloth, 38.; or in Fonr Parts, sewed. 

The Church Teacher's Manual of Christian Instruction. By 
Bev. M. F. Sadler. 21st Thousand. 28. 6d. 

Short Explanation of the Epistles and Gk>8pel8 of the Chris, 
tian Year, with Questions. Boyal S2mo. 28. 6d.; calf, 48. 6d. 

Butler's Analogy of Religion; with Introduction and Index by 
Bev. Dr. Steere. Kew Edition. Fcap. 3s. 6d. 

Three Sermons on Human Nature, and Dissertation on 

Yirtne. By W. Whewell, D.D. 4th Edition. Fcap. 8vo. 26. 6d. 
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Lectures on the History of Moral Philosophy in England. By 
W. Whewell, D.D. Crown 8to. 8s. 

Kent's Commentary on International Law. By J. T. Abdy^ 
LL.D. Kew and Cheap Edition. Crown Sro. 10s. 6d. 

A Manual of the Roman Civil Law. By G. Leapingwell, LL.D. 

8vo. 12s. 



FOREIGN CLASSICS. 

A series for use in Schools ^ with English Notes t grammatical an^ 
explanatory J and renderings of difficult idiomatic expressicnis. 

Fcap. Svo, 

Schiller's Wallenstein. By Dr. A. Buchlieim. 3rd Edit. 6». 6i. 
Or the Lager and Plcoolominl, 3s. 6d. Wallenatein's Tod, 3s. 6d. 

Maid of Orleans. By Dr. W. Wagner. 3a. 6d. 

Maria Stusurt. By V. Kastner. Ss. 

Goethe's Hermann and Dorothea. By E. Bell, M.A., and* 

B.W51fel. 25. 6d. 

German Ballads, from XJhland, Goethe, and Schiller. By C. L». 

Bielefeld. 3rd Edition. Ss. 6d. 
Charles XTT., par Yoltaire. By L. Direy. 4th Edition. Bs. 6(2. 

Aventures de T^^maque, par F^n^lon. By C. J. Delille. 2nd 
Edition. 48. 6d. 

Select Fables of La Fontame. By F. E. A. Gasc. 14th Edition. 3s. 

Piociola, by X.B. Saintine. By Dr.Dubnc. 11th Thousand. 3«. 6i. 



FRENCH CLASS-BOOKS. 

Twenty Lessons in French. With Vocabulary, giving the Pro- 
nunciation. Bj W. Brebner. Post 8yo. is. 

French Grammar for Public Schools. By Bev. A. C. Clapin, M.A. 
Foap. 8to. 8th Edit. 28. 6d, 

French Primer. By Bev. A. 0. Clapin, M.A. Fcap. 8yo. 4th Edit. 

la. 

Primer of French Philology. By Bev. A. 0. Clapin. Fcap. Svo. Is. 

Le Nouveau Tresor; or, French Student's Companion. By 
M. E. S. leth Edition. Fcap. 8yo. 3s. 6d. 

F. E. A. GASC'S FEENCH COUESE. 
First French Book. Fcap Svo. 76th Thousand. Is, 6J. 
Second French Book. 37th Thousand. Fcap. Svo. 28, 6J. 
Key to First and Second French Books. Fcap. Svo. d«. 6i. 

French Fables for Beginners, in Prose, with Index. 14th Thousand. 

12mo. 2s. 
Select Fables of La Fontaine. New Edition. Fcap. Svo. Bs, 

Histoires Amusantes et Instractives. With Kotes. 14th Thou- 
sand. Fcap. Sro. 2s. 6d. 
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Fraotioal Q-uide to Modem French CkxavenatioiL 12th Thou- 
sand. Fcap. 8vo. 2a. 6d. 

French Poetry for the Yoimg. WithKotes. 4th Edition. Fcap. 

8vo. 2s. 

Materials for French Prose Composition; or, Selections from 
the best English Prose Writers. 15th Thousand. Fcap. 8to. is. 6d. 
Key, 6b. 

Prosateurs Ckmtemporains. With Notes. 8yo. 6th Edition, 
revised. 58. 

Le Petit Compagnon; a French Talk-Booh for Little Children. 

lOth Thousand. 16lno. 2a. 6d. 

An Improved Modem Pocket Dictionary of the French and 

English Languages. 90th Thousand, with AddiNdons. 16mo. Cloth. 4s. 
Also in 2 vols., in neat leatherette, 58. 

Modem French-English and English-French Dictionary. 2nd 

Edition, revised. In I vol. 128. 6<Z. (formerly 2 tqIb. 258.) 

GOlfBEBT'S FRENCH BBAMA. 

Being a Selection of the hest Tragedies and Comedies of Moli^ro, 
Baoine, Gomeille, and Voltaire. With Annunents and Notps by A. 
Gombert. New Edition, revised by F. E. A. Gasc. Fcap. 8vo. Is. each ; 

**'*^» ^ OOHTXKTS. 

MoLiEBE :— Le Misanthrope. L'Avare. Le Bourgeois GentUhoTnuie. Le 
Tartuffe. Le Malade Imaginaire. Les Femmes Savantes. Lea Fonrbcriei 
de Scapin. Les Prtfoienfles Bidionles. L'Ecole dee Femmes. L'Ecole dus 
Maris. Le M6deoin malgr^ LuL 

Bacxite :— PhMre. Esther. Athalie. IphigAiie. Les Plaideurs. La 
ThAmlde ; or, Les Frires Ennomis. Andromaque. Britannicus. 

P. CoBNEXLLK :— Lo Oid. Horaoo. Ginna. Polyenote. 

VOLTAiBB :— Zaire. 



GERMAN CLASS-BOOKS. 

Materials for German Prose Composition. By Dr Bnchheim. 

'7th Edition Foap. 4s. 6d. Key, 3s. 

A German Gfrranmiar for Pnhlic Schools. By the Bev. A. C. 
ClapinandF. HoUMtUler. 2nd Edition. Fcap. 28. ed. 

Kotzebue's Der Gte&ngene. With Notes by Dr. W.Stromherg. It. 



ENGLISH CLASS-BOOKS. 

A Brief History of the English Language. By Prof. Jas. Hadley, 

LL.D., of Yale College. Fcap. 8ro. Is. 

The Elements of the English Language. By E. Adams, Ph.D. 
18th Edition. PostSro. 4s. 6d. 

The Rudiments of English Ghrammar and Analysis. By 
E. Adams, Ph.D. 8th Edition. Fcap. 8vo. 2s. 

By C. P. Masom, Fellow of Univ. ColL London. 

First Notions of (Grammar far Toung Learners. Fcap. 8vo. 
loth Thousand, doth. 8d. 

Slrst steps in English G-rammar for Junior Classes. Demy 

18mo. New Edition. Is. 
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Outlines of Bnglish Qrammar for the use of Junior Classes. 

26tli Thousand. Grown 8vo. 2t, 

English Grammar, including the Prindples of Grammatical 
Analysis. 24tlL Edition. 77th Thousand. Crown 8yo. 3s. 6d. 

A Shorter English Q-rammar, mth copious Exercises. 8t}i Thou- 
sand. Crown 8vo. 3«. 6<i 

Snglish Grammar Praotice, heing the Exercises separately. Is, 

Edited for Middle-Class Examinations, 

With Notes on the Analysis and Parsing, and Explanatory Remarks. 

Milton's Paradise Lost, Book I. With Life. 3rd Edit. PostSvo. 

2s 
Book n. With Life. 2nd Edit. Post 8vo. 2s. 



Bookm. With Life. Post 8vo. 2*. 

Goldsmith's Deserted Village. With Life. Post Svo. Is, 6(f. 
Cowper's Task, Book II. With Life. Post Svo. 2s, 
Thomson's Spring. With Life. Post Svo. 2s. 
Winter. With Life. Post Svo. 2s, 



Practical Hints *on Teaching. By Bev. J. Menet, M.A. oth Edit. 

Crown 8to. cloth, 2s. 6d. ; paper, 2s. 
Test Lessons in Dictation. 2nd Edition. Paper cover, Is, &d, 
Questions for Examinations In English Literature. By Bev. 

W. W. Skeat, Prof, of Anglo-Saxon at Cambridge Uniyersity. 28. 6d. 

Drawing Copies. By P. H. Delamotte. Ohlong Svo. X2a. Sold 
also in parts at Is. each. 

Poetry for the School-room. New Edition. Fcap. Svo. Is, Qd, 
Geographical Text-Book ; a Practical Geography. By M. E. S. 

12zno. 2fi, 

The Blank Maps done np separately, 4to. 28. coloured. 

liOudon's (Mrs.) Entertaining Naturalist. Kew Edition. Beviscd 

by W. S. Dallas, F.L.S. 58. 

^ Handbook of Botany. New Edition, greatly eilfkrgcd hy 

D. Wooster. Fcap. 28. 6d. 

The Botanist's Pocket-Book. With a copious Index. By W. B. 
Hayward. 3rd Edit, revised. Crown 8>'0. Cloth limp. 48. 6d. 

Experimental Chemistry, founded on the Work of Dr. Stockhardt. 

By G. W. Heaton. Post Svo. 58. 
Double Entry Elucidated. By B. W. Foster. 12th Edit. 4to. 

38. 6d. 

A New Manual of Book-keeping. By P. Crellin, Accountant. 

Crown Svo. Ss. 6d. 
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Pioture School-Books. In Simple Language, with numerous 
ninstrations. Boyal Ifimo. 

School Primer. 6d.— School Header. By J. Tilleard. 1«.— Poetry Book 
for Schools. 1*. — The Life of Joseph. \f.. — Tho Scripturo Parables. By the 
Bey. J. E. Clarke. l8.^The Scripture Miracles. By the Rer. jf. K. Clarke. 
1«.— The New Testament History. By the Rev. J. G. Wood, M.A. la.— The 
Old Testament History. By the Rer. J. O. Wood, M.A. !«.— The Story of 
Banyan's Pilgrim's Progress. 1«. — The Life of Christopher Colpmbns. By 
Sarah Crompton. Is.— 'l^e Life of Martin Lather. By Sarah Crompton. Is. 



BOOKS FOR YOUNG READERS. 

In 8 Yols. Limp cloth, 6(2. each. 

Tho Cat and the Hen ; Sam and his Dog Bod-leg ; Bob and Tom Leo ; A 

Wreck The New-born Lamb ; Rose'srood Box ; Poor Fan ; Wise Doj; The' 

Three Monkeys Story of a Cat, told hy Herself The Blind Boy ; The Mute 

Girl ; A New Tale of Babes in a Wood The Dey and the Knight ; The New 

Bank-note ; The Royal Visit j A King's Walk on a Winter's Day Qnecn Bee 

and Bosy Bee Gall's Craig, a Story of the Sea. 

First Book of Orography. By C. A: Johns. Is, 



BELUS READING-BOOKS. 

FOB SCHOOLS AND PAROCHIAL LIBRARIES. 
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esting stories, with a simple plot in place of the dry combination of letters and 
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of this principle to bools adapted for more advanced rcMtders. 

Now Beady. Tost 8vo. Strongly bound. 
Masterman Ready. By Captam Marryat, B.N. Is, 6(2. 
The Settlers in Canada. By Captain Marr^'at. B.N. U, Gi. * 
Parables ftam Nature. (Selected.) By Mrs. Gatty. Is, 
Friends in Fur and Feathers. By Gwynfryn. Is, 
Robinson Crusoe. ls,6d»,' 

Andersen's Danish Tales. (Selected.) By E. Bell, M.A. Is. 
Southey's Life of Nelson. (Abridged.) Is, 
Grimm's German Tales. (Selected.) By E. Bell, M.A. Is. 
Life of tbe Duke of Wellington, with Maps and Plans. Is. 
Marie; or, Glimpses of Life in France. By A. B. Ellis. Is, 
Poetry for Bpys. By D. Munro. Is. 
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